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* Does there exist a non - empty perfect set

in 112 that contains no rational numbers ?

Ans
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Let {Vi !! be the sequence of rationals
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,
= ( Vi - Ei
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I
, contains infinitely many rationals .ve
But there are infinitely many ri ¢ I , .

Pick the smallest such index i t Vi ¢ I, ⇒

Say m . ( Thus 8; ¢ I, if i > m) .

Let Em = Kmt-2
,
where km C- ④

+
and

Em a distance of Vm from I,

Having constructed I, , Ia, - - - , In- i , let
Vn be the rational with the smallest index
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In is open .- ①

Let P= Rl
,

In)
.

• P is closed (from ① )
•

P contains no rationals from ⑦)
• Claim : Every point of P is a limit

point of P .

Proof : ( by contradiction)
Suppose F x EP but x ¢ p

'

.

⇒ F V > o t Ny Cx ) n p - { n }
.

⇒ Nex ) kn) c I. In
⇒ x must be the open end point of 2
consecutive intervals
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⇒ Fi
,
j EN s - t .

x= ri - Ei = Vj + Ej
⇒ ri -rj = Eitq . =E(Kitty)

in -
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A

⇒ contradiction

Hence x c- P' .
⇒ p is perfect .


