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Th2 A set E is open iff its complement is
l l l l
f-

closed .

Froot Suppose EC is closed . We want to show
that E is open, i

- e ; every point of E is an
interior point of E .

To that end
,
take a point see E . So x & El .

Now E
'

being closed contain all its limit points .
Hence

,
x cannot be a limit point of EC .

Therefore
,
F nbhd U of se which does not intersect

Ec at all
,
not even in x (since x¢ EC ) .

I

Hence U n E
'
= of implies UCE so that x

is an interior point of E .

⇒ME his open .

⇒ Let x be a limit point of Ec .

Goal : x E Ec
→ ince x is a limit point of Ec,
every nbhd of x intersects Ec in a point
other than se.
So no nbhd of x lies in E .

⇒ x # E (because if KEE, then E being
open would imply that se is an interior

point of E =) F cnbhd N of se lying completely
in E ) .

⇒ see Ee .

⇒ Ec is closed
.

Cor . 2.13 A set F is closed Iff its complement
-

is open .



Then . 2.14 ( i ) If { Ga } is any collection of open
-

sets
, then Va Ga is open .

( i :3 If {Fa } is any collection of closed sets, then
I Fa is closed .

(iii ) If Gi , Gz. . . . , Gn is any finite collection of
open sets, ¥

,

Gk is open .

( V) If Fi
,
Fz
,
. . .

. Fn is any finite collection of closed
sets

,
then

,
Fk is closed .

Proof : ( in Each Ga is open . So if x E Va Ga .

71 aim : Dc is an interior point of y ga .

If x c- ↳ Ga
,

then x C- Ga for some 2
.

Ga being open implies that x is an interior

point of Ga , and hence an int . pt . of ↳Gq
*

ciis@FaY-UaFI.F
,
is closed ⇒ Ff is open

so by cis Ua Fac is open

⇒ na Fa is closed .
n

Ciii) Let G = A Gi . Let xe G .

i = ,

Then XE Gi t i z l Eis n.
Gi open ⇒ F nbhd Nri of x of radius r
t Nri c Gi if I Eisen .

Now take r = min ri .
Let N be the

lesion
nbhd of radius or around n . ⇒ NE Gi
for all asian ⇒ N E Gi ⇒ ii. Gi is open .
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Examples : In Ciii) & Ciri
,
finiteness is

absolutely essential , for , if Gn = ( -fi
,
In )

,

MEIN .

Then ⇒ Can = { o } is not open in IR
'

.

Deth : If X is a metric space, ECX and E
'

denotes the set ofall limit points of E in X,
then theclfE is the set E = EVE

'
.

Eg :①Let E = co
,
i )

,
X = IR

,
then

,
E=E'=[0

, D .

② Let E = { I '
- MEIN}

,

X=R
,
then

E
'
= { 03

,
E- = E Ufo} .

Th5 If X is a metric space and ECX
,
then

(a) E is closed .

( b) F- = E iff E is closed
(c) ECF for every closed set FCX I ECF .

Proo (a) If p ex
, p # E , then p is neither n

a point of E nor a limit point of E .

So F nbhd N of p z N n E = § .

⇒ N CEC so that p is a interior point
of Ec . .

..÷÷
⇒ Ec is open. ;

I:p?
⇒ E is closed . if . '

'
-

-

(b)
' '
⇒
' '
E= E

. By ca), E is closed. ⇒ E is closed.
' '

⇐
"

If E is closed
,
E
'
CE ⇒ E = EU E

'
= E.



(C) F is closed
,
so F contains all its limit points

,

that FS F
'
.

But FSE . So F 's E
'

⇒ F S E
'

.

=) F J EU E
'
= E .

Reynard : E is the smallest closed subset of X
that contains E .

Thm.2 Let E be a non-empty set of real
numbers which is bounded above . Let y = supCE) .
Then y C- E . Hence y C- E if E is closed .

Proo If y C- E ,
then clearly y E E

.

Ify Cf E ,
then y is a limit point of E is

what we want to show .

Since y -- sup CE) , F X C- E F y - he KEY forh > on
,
otherwise y -k would be an upper bound of

E . But then y must be the limit point of
E . ⇒ ye E

' CE .

Hence in both the cases
,
we have ye E -

*


