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Thm.2.tt Let E be a set in irk . Then the following
statements are equivalent :

a) E is closed and bounded } Heine - Borelb) E is compact theorem
c) Every infinite subset of E has a limit point

in E .

Proof :
-

a) ⇒ b)

If E is bounded
,
then it can be enclosed within

a K - cell . Moreover
,
if E is closed

,

since K is

compact, Cor . 2.21 ( of Lect - 15 ) implies that
E must be compact .

b) ⇒ c) Since E is compact , Then . 2.23 implies
that every infinite subset of E has a limit

point in E .

c) ⇒ a) ( by contrapositivity
Suppose c) holds but E is not bounded .
Then E contains points In with

1 In 17h ,
n C- IN .

-

The sets consisting of these points xn is infinite
and clearly has no limit point in IRK and hence
none in E . →←

Thus c) implies that E is bounded .



Suppose c)
'holds but E is not closed . Then

F Io E IRK which is a limit point of E but
not a point of E .

Then every nbhd of Io intersects E
in a

point different from XJ . In particular, take
the nbhds BC XI

,
ht )
,
MEN . Then we get a

sequence of points { In 3nF
,

t

1 In - Iol < Yn .

Let S be the set of all such points In .

Then S must be infinite
,
for otherwise

,

loin -NJ I would have the copstant sositire
valuefor infinitely many in which will contradict

contr the fact that 5cg is a limit point of E .

How S is an infinite subset of E having Io as
its limit point , and it cannot have any other
limit point because if JERK, if # Teo i 's a limit

point of S in 112k
,
then

I En - 51 = I# -⇒HI. - J ) l
-
-

n

= I - g ) - ( Io - min ) l ( Reverse
I 7 I to -51 - I In -Je. I triangle inegi,

i# > I # -51 - t⇐
q iz ix. - I 1

.

since tzlxo -51 > In ⇒ n Into -5132
-

• .

Follows from Archimedean
y. '⇐⇐⇐⇐nn property



for all but infinitely many n so that

I cannot be a limit point of S .

⇒ S has no limit point in E -← .

Hence E is closed if c ) holds . €1

Thm.se#lBoizao-Weierst-rassTheoreen)-

Every bounded infinite subset of Rk has a
limit point in RK .

Proof '- - Lef E be a bounded infinite subset of
- IRK . Then E is enclosed within a K- cell I

,

which is itself a subset of 112k .

Since I is compact and E is infinite ,
Then . 2.26 implies that E has a limit pt .

in I
,

and hence in Rk .


