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MA 509 - REAL ANALYSTS LECTURE IS

Thm.2.97% Let E be aset 'n l‘Rk' Then +he Qonowhj
ae ech‘va(eht :

statements

&) E is clogsed ard bounded Heine- Bovel

E) E s compact Theorem)
infinibe subset of E has a [imis Fo:‘n%‘

E-Vc'nj
n E .

c)

Pooof: a) = b)
Tf = is boundco\, then 1+ can be encloged e Fhin

a k~cet]. Moxconver, (£ E 18 closed gince K (=
cornpactt Cox. 2.21 (0f Lecp-13) implies tha b
£ must be compact -
5)-=~L) <) Since E /8 compact, Thm. 223 :'mPI«“e_‘b
that evevy infinite cubset of E has a limit

point n k.,

C) =5 X)) C conbrapo st v
up pose 52_ hotde PJ:M-(-; E'ﬁal)(s Nnot boundeX-

Then E contains points X, with
| ‘iﬂ \'>ﬁ > N &ﬁ\] .
The sct S5 consisting of these Poin’bs "f;, is infBnite
and cteaxly has no limiy poind in R: and hence —
—_————

none in =
Thue ) implies that E is bounded .



Suppose c) }qoldg but E s not closed. Then
F e R* which e a lim'e peint of E but-
not o point oft = .
Then evesxy nNbhd of &5 intervsects E in a_
poing Aiffevent fyom X, + In parteulan, b=k
the nbhds B (3G ,+), neMN. Then we get o
sequence of po ints {%,7 =

n=

/ X\ - < Vn .
Let S be the seb of att such points Xy
Then S muet be a'mc-‘m‘{ra, ‘o otherwise,
|5C, %, | would have the conetant sositive
value foxr iInfinibel ma.n:f n which Wil conpvadick

the fact that X, is alimit point of E .

Now S is an infinit subset of E having , as

2 [imib point, and it cannot have any othot
limit point- because if JeRh §rx, is o limit
point of S in R* then

= | (%~ 9_)’ (qi_ﬁ;E) | (Revexse,

10«!’\8{& 9 nu[’a

%\ Z %= |- g % |
\\é/ Z [D:o—§|——'r—,
7 Llz-§
Sinee ;\l%ﬂrziﬁ 25 nl|N%-N[=20




‘Fm" all bus "nF-‘m‘tc(_t( mMany N SO thab——
3 cannot be a limit point S .

= S hae no \!mit point 'n E — < .
Hetee E s c_fascj e hotd . N

Thm. 2:28 (Botzano ~ Welevetvass Theprem)

E'\/C—'\‘H bounded infinite subselb of Rk has a_
lirei 4 point in ol

P‘rOOF 5’1 Leb bt o Bour\dgd :'n‘Pff\I\b( subset of
R, Then E /s encloded within a k~-cell T,
which te tbself a subsct of e,
Since T /e comPac{y and E s |'n@:"n?t-(_>
Thea. 2226 implice that E has a fimit pb.
i N il and hence 'n R", N



