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MA 509 - REAL ANALYSIS - LECTURE 19
-

PERFECT SETS
-

Th9 Let P be a non - empty perfect set
in IRK . Then P is uncountable .

Proof'- By defer ; P is closed and every point
of P is a limit point of P . Also

,
we are

given that Pto .

Claim: P is uncountable .

First of all
,

since P has limit points,
P has to be infinite .

By contradiction, suppose P is countable .

Let 54
,
Jez

,
NJ , - - - - are elements of P.

We construct the following sequence of nbhds .

• V
, .
is any nbhd of XT .

Suppose V,
= { JERK : I is -setter} ,

and so T
,
= { g- C- IRK : 15 - Ii le r } .

• We inductively construct the other nbhds ,
i. e . suppose Un has been constructed
so that Vinh P # 4 .

Tzcvi
,
I f-VI , VanPff



Since every point of P is a limit point of P,
I nbhd Vn+ ,

s - t .

⇒ Tna AP carp
cc:: '¢¥I

,
K'n'
+, aim ÷÷÷.y ,

Ciii) Vm ,
n Pto . kn

Let kn -- Tn n P .

Now VI is closed and bounded
,
henceso in

Ken
,
and thus kn is compact .

Also In f- Tnt , ⇒ Ten of Kent , .

Hence no point of P lies in £
,
Ken .

But kn C P t n c- IN . Hence kn CP
*

⇒
n? ,kn =p . ④Pto NP # of
-

But each kn is non - empty by Ciii) .

Moreover kn 3 Knt , V-nc-IN.by Ci ) .
This contradicts Cor . 2.22 & thus establishes
that P is uncountable .

(as b)

Co3o An interval [ a, b) n is uncountable .

In particular, IR is uncountable

Proof : Use Them . 2.29 with P= [a,b]



probiem4from-utor.iq#
* Does there exist a non - empty perfect set

in 112 that contains no rational numbers ?

Ans
.

Yes I
s

AnexampleduetoJIAHUDEr.mu/ohy&BrentonCa1ioway-
Let {Vi !! be the sequence of rationals

.

Pick E
,
= K

,
T2
,
where k , E

*

⇒ e
,
E IRI .

Consider I
,
= ( Vi - Ei

,
Vite, )

I
, contains infinitely many rationals .ve
But there are infinitely many ri ¢ I , .

Pick the smallest such index i t Vi ¢ I, ⇒

Say m . ( Thus 8; ¢ I, if i > m) .

Let Em = Kmt-2
,
where km C- ④

+
and

Em a distance of Vm from I,

Having constructed I, , Ia, - - - , In- i , let
Vn be the rational with the smallest index
m 's . b . rn Cf Ii UI, U Iz U - - - U In-y



in
and let En = kn Tz

,
kn C-

+
and s - t .

In n
-

F u Iz U -
- -- U Im ,

= § .

•

First
, Q c Um

,
In -④

In is open .- ①

Let P= Rl
,

In)
.

• P is closed (from ① )
•

P contains no rationals from ⑦)
• Claim : Every point of P is a limit

point of P .

Proof : ( by contradiction)
Suppose F x EP but x ¢ p

'

.

⇒ F V > o t Ny Cx ) n p - { n }
.

⇒ Nex ) kn) c I. In
⇒ x must be the open end point of 2
consecutive intervals

T E
- t t-11



⇒ Fi
,
j EN s - t .

x= ri - Ei = Vj + Ej
⇒ ri -rj = Eitq . =E(Kitty)

in -
- - - -

A

⇒ contradiction

Hence x c- P' .
⇒ p is perfect .


