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CONNEC-EDSETSIDe.fm
. Two subsets A and B of a metric space X

are said to be separated if both Ants and
A-NB are empty -

A set E C X is connected if E is Not a union
of 2 non -empty aepd sets . A

⇐ SEE sets→ disjoint
←

¥7 not true in general
° X ⑨ Y 2

Eg . [ 0
, if and C 1,21 are disjoint but not

separated ,

since [ o
, B n Ct) = { 13¥01 .

But co
,
17 and C 1,21 are separated .

Q : How do connected subsets of real line look?
Thm.2e30_ A subset E of IR is connected Iff
it has the following property :

If HE E
,y C- E and KC Zay , then 2- C- E

.



' '

⇒
"

( by contrapositivity)
Proof : Suppose F x, YEE and 2- C- (x,y)
s - t .

Z # E
,
then

E- = A zu Bz
,
where Az = En C - no

,
Z)

& Bz = En ( Z , ) .

How KEAz and ye Bz , so Az -1-01, Bz Ff .

Note that C-a.IN CZ
,

= 10 &
C- a, Z ) n 12-7=10

& since Az E C - A
,
Z) & Bz E CZ ,d , they

are separated . Hence E is not connected .

"

⇐ ( by contrapositivity )

Suppose E is not connected . Then F non - empty
separated sets A & B s E = AUB .

Let see A & ye B & w- l - g . let secy .

Define 2- = Sup can En,y ] ) .

Then z E Ancn,yTc It .

-

Them . 2.16 Cleef. 141

Since InD= of
,

2- f- B .

- C ' )

⇒ x Etsy



Case I '
- 2- 4- A

Then along with Cll, we have 2- of AUB-- E -

→← to
the given hypothesis .

Case 2 : ZEA ¢ B
I #Then An5=01 ⇒ ZEB Z Z

, f- YEB
Thus 2- f- B'

,

in particular .
Zi -y try

⇒ F a nbhd of Z which has empty intersection
with B , i. e. , F

Z , 2 2- < tidy andZi¢BI

⇒ see zcziay-③
-20

Now 7, ¢ A , for, otherwise, itcontradicts
the factthaf z = sup can cniy ])
⇒ From ② &③,

7 Z , 3- xsz, ay & S
- t -

Zi # E .

→←
to the given hypothesis .

At



Chapter 3 - Numerical sequences & series
-

Convergent seqieences
Def A sequence 2pm} in a metric space X is
said to converge if F p E X t for every E >0,
FN EIN t n > N implies d Cpn , pls E -

o
{PDt.ee#

Then we say Lpn } converges to p ,
or

p is a limit point of { pny .

We say Pn → p or align pn =p .

If Lpn} does not converge, we say it diverges
Remark : Not only does it matter whether

onverges or not, but also where , i - e ;
in which metric space it converges matters
too .

e. g. ① Sent} → o in R but not in IRT
② { ¥ : n E IN, I MEIN t torn }
→ o in R but not in IRI .

• Range of { pm} : All points pn , n C- IN .

• 9pm} is said to be bounded if its range
is bounded .

-



Let the metric space X beer
?

Range Bounded ? convergent?
⑨ Sn = In infinite bold Yes

⑤ spent infinite unbdd No

⑤ Sn = it^ infinite bold Tes

⑨ sn = in finite bdd No

② sin -- I knew finite bdd Yes


