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Thm.3 Let { pin} be a sequence in a metric

space X .

⑤ { pm } → p E X iff every nbhd of p contains
all but finitely tray of the terms of Lpn}

⑥ If PEX , p
'
EX

,
and if Epn }→ p & Epn} →p?

then p
'

=p .

⑤ If Lpn } converges, then 9pm } is bounded .

⑨ If E CX and if p is a limit point of E ,
then there is a sequence { pin} in E t
align Pn =p .

proof.
'
⇒
"

suppose { pin}→ p and V is
any nbhd of p of radius E

claim : V contains all but finitely manyterms of { Pn } .

To that end
,
note that by the defn . of

anbind
,
if qex is such that dcp , se,

then QEV .

Since {pay → p , corresponding to this E>0,
FN C- IN Z t n> N dcpn , p) CE

⇒ pm E V t n> N .

This proves the claim .



'€"

suppose every nbhd V of p contains
all but finitely many terms of { pm } ,
Fix E>o . Let U be the nbhd of p containing
all points qz dcp, g) ee .

By assumption, FNGIN ( correspondingto the above V) s - t . phew if n z N .

⇒ dcpn , p ) ee it n z N
⇒ {pen} - p .

③ If p, p' E X & {primp & { pin} -sp
'

,
then p =p

'
.

Proof : - Let E >o be given - F N , N
'
C- IN t

no, N ⇒ dcpn , p) < Else
n > N

'
⇒ d Cpn , p

' ) < Eth

*
=) if N *= man CN

,
N
' ? then H n 7-N

,

dcp , p ' ) I dcpn , pit dcpn , P
' )

< Ez + E-2
= E

since E- o is arbitrary , we have p =p
'
.

⑤ If { Pn} converges , then Lpn } is bounded .

Proof :
-

Spse pm → p . 7N C- IN a ten 7N
, dcpn.pl < I .



Let r = man { 1
, dcp , ,p) , ; - - - , d Cpn , p ) } .

Then de pmp) Sr t n c- IN .

Hence { pin} is bounded .

⑨ If ECX and if p is a limit point of E, then
there is a sequence { pin } in E t p-- Lingo pp .
Proof : - Every nbhd of p contains a point of
E different from p .

Consider
,
in particular, the abbots BC p ; kn) , AGIN

& let Pne Bcp, Ya)
Given E>0 , choose N E IN 2 N E 71

,
i - e ; NICE .

If a >N
, is f- LE , so

for such n
,
d Cpn , PRE -

⇒ pin→ p .

Thm.3 Suppose {Sn}, Srta} are complex sequences
& tiny Sn =s & align.tn = t

- Then
,

⑨ align@nttn ) = Stt
⑤ align Csn -

- Cs
, Linga@ + Snl = Cts, for any c .

⑤ him satin - s t .

⑨ Lingo = } , provided Sato , n c- IN , andSto .



Proof :

⑨ , ⑤ exercise .

② Use sntn - St = @ n - s)Ctn - t) + sctn -t)
+ ten -s) .

-④
Let E>0 be given . F Ni , Nz C-IN t

HM, Ni , Isn - Sl s TE &
t n 7 Nz

,
I th - ti <Ef .

⇒ An > man CN . ,
Nz)

,
I @ n - s ) Ctn - t) l L E .

Since e >o is arbitrary
,
this implies that

nlismocsn - s) Ctn - t) = o . -x
Hence -from ④ ,

*④ and the hypotheses, we have
l im ( sntn - St) = O
n →or

Since king St = St
, from ⑨ ,

we get

tin satin = St -

n→ or

⑨ Since Sn → s
,
Fine- W t kn> em

,
Isn - Sl L Lz Isl .

Now reverse -G ineq; / Isnt - IS l l L Isn -SK 1st
2

⇒ -Iz d l Snl -1st a 1st
⇒ Isnt > 1st ( n z en) - Ci)

2



Now given E > O
,
FN > in a V- n Z N ,

Isn -Sla iz Iste .

- Cii)

Hence
,
for h> N ,

I 's
.

- II - I,ssss! - Elsie - ⇐ its , = e .

Thmr3.3_a@SupposexiTG1Rk.n c- IN &
In = ( di

,
n ,

- - - -

s 4k
, n
) .

Then { In}- {I} iff nliigzg.sn =L; ( I EJEK)

⑥ Suppose {sin } , 95in } are sequences in irk,
{ pin} is a seq . of real numbers

,
&

In →I
, yet → 5 , Ffs . Then

dizen -15in 1=5+5 , him xin - Tn = try

& Iim Gn En =p se .

n→ a

Proof : Exercise .

SUBSEQUENCE.SI

Defer . Let { pm} be a sequence .

Suppose {Mk} be a sequence of positive integers
S - t - in

, senza hags . - - . Then the sequence {Pn ,} is
called a subnceof { Pn} .

N ,
= 500

,
Nse 671

,
hz= 786

,
- - - - -

{ Psoo, Poti , P7867 - - - }



If { Pni } converges, we call its limit a subsequent
limit of { pin} .

Remarry { pin}- p iff every subsequence of {pn}

convergestop.MN
{ IT ! ! 's .# t , ' -I.* 's , ' -1K¥- -

-

we
Thm3 cis Let { p n} be a sequence in a
compact metric space X, then some

subsequence of { pm} converges to a point in X
.

(
ii) Every bounded sequence in Rk contains a
convergent subsequence .

{ in , new}
{ i , -1 , - i , I

,
i
,
-1

.

- i
,
I
,

i
,
- i
,
-hi

-
- - -3


