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MA 509 - REAL ANALYSIS - LECTURE 2.3
-

T¥4 cis Let { pin} be a sequence in a
compact metric space X, then some

subsequence of { pm} converges to a point in X
.

(
ii) Every bounded sequence in Rk contains a
convergent subsequence .

Promote: cis Let E be the range of { pin} -

case a) Eisfinite
In this case

.
7 PEE & subsequence { hi} with

n , andNyc - - - - 2 pm, =p ,nz= . - - =p .

⇒ { pm.} → p .

Case b) Eisinfinitoc
Then X compact implies E has a limit pit - in X,
say p .

So I n ,
C- IN a dcp , Pn , Is 1

.

Having chosen n
, ,
nz ,

. -
-

, ne - i , we see that F ni ein
2- hi > ne - i & dcp , Pn ; ) C ÷ .

( Note this follows because every nbhd otp
intersects in infinitely many points of E )
⇒ { pm. }→ p .



( i :) Note that every bold . seq
- of Rk lies

in a compact subset of 112k .

⇒ the result follows from Ci ) .

Thm-3.si Let X be a metric space . Then the set
of all subsequential limits of a sequence { pin}
in X is closed in X .

Proo Let E* be the set of all subsequential
limits of { pin } .

Let q be a limit point of F-
*

.

Claim : qe E* .

Choose n , 2 pm ,
t q . Note that if such an ni

didn't exist
,
then E# is a Singleton set, hence

closed
.

Let S = dc Pne sq) . Let n , , hag . . -

, he
- ,
be chosen .

Since qc- Etx
,
F X E E* t

dc x
, Csi .

2

But x is a limit point of SO F ne t

ni > ne - , & dex
, Pne ) <÷ .

Hence
, dcq, Pni) E dear , x ) t d Coe , Pni )

< ÷ + Ii
= 8- for i EIN

.

zi - I
⇒ {Pni} → of , so that off E* .



CAUCHY SEQUENCES
-

Define A sequence 9pm} in a metric SpaceX is said
to be Cauchy if for every E> o

, F N C- IN Z
t n

,
Mx N

, dcpn . Pm) s e .

• Is { Pn } -- { IT } where new Cauchy in IRI-
-

in

•

Let 9 be the metric space .
For ME IN

,
consider

{ PT : pine and Pn -7523 .
Is it ianudygy ?

Ans . Yes .

But itis riot convergent in .

Define Let ECX where X is a metric space . Let

S =L dcp,q) : PEE, EEE }
Then diam CE) = sup ( s) , called the diameter
of E .

Let { pin} be a sequence in X &

GIF { Pm : m c- IN
,
the N } .

Then 2pm} is Cauchy iff align diam CEN ) - o .

{Pn#s7N←NZtNdPnREn > N , Ms, N -d ( pm pm) s dcp , pm + DCP , pm)
< estate=L



I

Themis Let X be a metric space . Then
⑨ diam CE ) = diamCE)
⑤ If Ken is a seq. of compact sets in X t
kno knit ,

ME IN , and if Ying diam kn = o
,

then I
,
kn consists of a single point -

proof : Since ECE
, obviously ,

diam CE ) s diam CE )

To show diam CE ) E diam CE)
,
fix e >o &

take X , y E
E

. Then F p , q E E t
dcp

,
x ) e Ez & dcq, y ) - Ez .

Thus

dcx
,y) E dcx , p) + dcp, g) + dcq , y)
< E t dcp,q) te
z 2

⇐ Et diam CE )
⇒ diam CE ) E Et diam CE)
Since e was arbitrary ,

diam CE ) E diam CE ) .

⇒ diam CE ) = diam CE) . TH


