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Thm.se Let X be a metric space . Then
⑨ diam CE ) = diamCE)
⑤ If Ken is a seq. of compact sets in X t I
kno knit ,

ME IN , and if Ying diam kn = o
,

then I
,
kn consists of a single point .

Proof
.

. (a) Done last time .

⑥ Let k= In
,
kn . Then K is non -empty , by

Corr . 2122 .

If K consists of more than one point,diam CK ) > o .

But kno k tf ne IN ,
so diam C kn) z diamCK) :

the N .

This contradicts the hypothesis that .

diam (kn )→ o . THE

Thm.3.tt ⑨ In a metric space X, every
convergent seq. is Cauchy .

⑤ If X is a compact metric space , and if
{ pm} is a Cauchy sequence in X

,

then
{ pn } converges to some point of X .

⑤ In Rk, every Cauchy sequence converges



Pref : ⑨ If Pn → p , given an E 70,7 NEIN
z f n Zev , d Cpn ,# C Elz

.

Then tf m, M Z N ,
dcpn , pm) E d Cpn , p ) tdcpm , p)

- Et E
= E .

⇒ { pin } is Cauchy .

③ Let {Pn} be a Cauchy sequence in the compact
metric space X - For NEIN

,
let

EN = { PN
,
Priti

,
Proto " " } -

Then by defn . of diameter of a set, and part⑨
of the previous theorem , we have

l im diam CEI ) = o . - lil
N -s -

Each EN is closed subset of the compact
space X ,

hence compact .

- Cii )
Also ENS Ent , so that EIS ENT-(Iii)
From iii. Ciii & Ciii )

, I
,

En is a Singleton set; let

p e EN t NEIN .

Let E > 0 be given .

From Cil
,
7 No C- IN t

diam CEI ) e E for N 7 No .

Since p EET , dcp, C E for every QEEN ,



and hence for every QE EN .

Thus
, dcp , pink E for a > No .

⇒ { pay→ p .

'

② Let { pin} be a Cauchy sequence in IRK
.

Suppose EN = { FN PNI , ,FN+z . - - - for NEIN -

Since n } is Cauchy , diam EN → o as Nsa.

Hence F N t diam CEN) s 1
.

The range of{ Fn } is EN U { PT , Fz , - - - , FN- i } .
⇒ { In } is bounded .

depi
,END

so can take , say ,

d CPI PI ) adept , tdcpi, En)
Iman { I , dcpi , pi ) . . - - dip

, > PIZ) ,DUT, PI )) TppK
Since every bounded set of IRK has cotnpbaebed .

closure in 112k
,
② now follows from ③ .

COMPLE-EME-RICSPAC.tt
A metric space is said to be complete if
every Cauchy sequence in it converges .

e. g . All compact metric spaces, IRK are
complete .

Reinark Every closed subset of a complete
metric space is complete .

Proof : Let { pm} be a Cauchy sequence in the
closed subset E of X . Thus its a Cauchy seq .



in X
,

and hence converges to a point p in X .

This p , being a limit point of the closed set E,
then belongs to E

,
hence E is complete .

*

. example of a metric space which is no b-
Tomie :

,

d ) with denny) = In -yl .


