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MONO-ONICSEQUENCESTDcfn.fi
seq . { Snf of real numbers is said to be

⑨ monotonically increasing if she sent , C MEIN)
③ monotonically decreasingif Sn 3Sn+ , ( new) .

Thm3 If { Sn } is monotonic
,
then {Sen}

converges iff it is bounded .

Proof We prove the above assertion for mono G .

incr . seq. The one for decreasing seq. is analogous .
Suppose Sn E shy , K MEIN .

Let E be the range of { Sn} . If@n} is bounded ,
let s be the least upper bound of E . Then

Sn Es ( n C- IN )
For every E >0 , F NEIN Z

S - Es SN E S ,

otherwise s - e would be an upper bound of E
-

Since {Sn} is increasing , for AZN,
S - E s shes

So §n3→s .

Convergence ⇒ bounded is already done . A

UPPER AND LOWER LIMITS

Let { Sn} be a sequence in IR s - t. for every
real M , F N C- IN s n > N implies Sn 7, M .

Then we say Sn → t * .



Similarly
,

if for every real M ,
F N c- IN 7 AZN

implies sn EM , we say Sn → - *
.

LIMIT SUPERIOR AND LIMIT INFERIOR

Let { Sn } be a sequence in IR .

Let E = { x : x E IRU { to}
,
7 a subsequence

{Snk } of §n} a sink → se}
.

Thus E consists of all subsequential limits of
{ Sen ] plus possibly , I -

Put s
*
= sup CE) & S

*
= inf CE )

These numbers s* and S* are respectively called
the limit superior and limit inferior of { spy
and are denoted by
lien sup Sn = s

# and pfinfp.int Sn = S* ORS
n →•

by liens, = s* and limsn =S* .

no - n - a

Thmi3r8 Let { Sn} be a sequence of real numbers .

Let E and s* be as defined above . Then s*
has following two properties :

( i ) S
*
E E

( ii ) If x >s* , F N EIN z n z N implies Snee .

Moreover
,

s* is the only number with cis & Cii) .
Analogous result holds for S* .



proof : ( i ) Tf s#e- to, E is not bounded above ,
hence so is @ n} . This means there must be a

subsequence { Snk } of { Sn} a Snk → xp .

⇒ s#E E .

If SEIR
,
then E is bounded above and also closed

( from Then . 3. s )
, so that s

# C- E by a result
proved earlier .

If s*= - no
,
then sup (E) = -D . Then E contains

only one element - * , and there is no subsequentiallimit . Hence for any real M , Sn >M for
at most a finite number of takees of a , so

Spy → - a .

⇒ SHE E .
{ Sn}
I

n - - - - - - n
-
- - --

-

Cii)Suppose F x >s't z Sn xx for infinitely
many Xal yes of n .

Then F y E E a y > x > s
*

. But s*= sup CE)
→← . Hence proved .

To show uniqueness of s* , suppose there are
2 numbers s* and s & suppose s*< s . Then
choose x z s

*
six- S . Since s't satisfies Cii)

,

Snax for n 7, N & N is some natural member..

But then no subsequence can tend to s ,which
contradicts Ci ) .

IM



Examples
a) {sin} is a sequence containing all rationals .
Since rationals are dense in IR

,
i-e ;

{snT = 112, so any HEIR is a subsequential
limit . So

Iim sup Sn = to ,

lien int Sn = - or .

n→- n → a

b) Let Sn = C- IT Then
I -1 Yn

'

lien sup Sn = ti & liminf sp = - I
n→- n→ *

Suppose we take the subsequence {San} for tie-IN .

{San } -4¥
.
}→ '

similar ' Y'
{ Sam , } -- {iI÷

,
}→ - t

-

liinsupsn = sup { - l , I} = I
n→*
lirninfsn = inf { - I , I} = - I .
n→a


