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Examples contd .

③ For a real - valued sequence {Sn} , Liman -- s
iff

l im sup Sn = tim inf Sn = S .

n -sp n→ a

( This will be one of the problems in the upcoming
tutorial on Friday .)

Then . 3.9 If Sn Eth for n > N, where N is fixed ,

tim inf Sn E lien inf th
no - n → a

lien sup Sn E lim sup th .

n -→ a
no -

Some special sequences
Then . 3 - 10

I#fpo, then align
, ÷ = o .

Given E> 0,
choose Now z N > e)

"P ⇒ NP > Ye ⇒↳ sqNow for MN, f- E Nt ⇒ ntp E Ntp LE
⇒ I Ip - of - E for n > N ⇒ tap → o

.

③ If p >0 , then aligns p
""
= I .

Proof : -

case ① : p > I



Let an=p
""
- l

. Then Xp >0 .

Now binomial theorem gives

I + nxne 4 then )
"

=P
If osan ESA

⇒ o - xp E p for n> N
,
where N is

n fixed
,
and if Sn→ 0

,

⇒ xn → o then an → 0 .

Case@ : p -- l : trivial

case③ : Ocp- l . Then Yp 71 .

So by case① , Lima ⇐ IT = I

⇒ lien oh = I
,nasal

⑤ king
.

n
""
-
- t

Proof : Let xn= n
""
- l

. Then an 70 .

Using binomial thin ; we have

n = Citral
"
Z ncz sent

⇒ OE xn E¥ for n > 2 .

Since lien
-

n -→*
JI

,

'
-
O
,

we get Lingen -- o
⇒ lim n'In =L

.

n→a



⑨ Ifp >0 & DEIR, Ling
µ'÷p , n = O '

Proofs : Let Ke 212 K -2
,
K > o . Note that

( + pl
"
> (2) Pk -

- n Cn- i )
; ;

Cn- K -117 pk

Now if we choose n F n > 2K
,
then

n - KH > iz ⇒ n Cn -il - - - Ch - K -1177 'Z . hz . . . . Az
- -

-2 >K- I = yk K times

⇒ Ctp)
"
- nip so that ¥g, < IKI2K k !

i

nk pie
⇒ and a depth .

nd-k (for a >2K)
(Itp )

"

ask ⇒ nd - k→ o as n → * by part ca) .

⇒ lien nd
" → -⇒n

= 0 .

⑨ If lock 1
,
then tiny an = 0

.

Proof : Let a - o in ⑨ . so that
Iimn→a¥gn=0- (*)

Case l : x = 0 . trivial



I > 1

Case 2 : 020cal
. Let p= ÷ - l . Then p > 0 .

From ( *7
,

l im an =o since a
"→* It p

'

case 3 : - is XCO Then - l -Iz > O '

⇒ Itp = In ⇒see ,¥pLet p =
- I -In .

Also - se=L

Hp
By Cd )

, being
,
C- sun =o .

⇒ lim x" = o .

as *

SERIES Given a sequence { an}, let

¥2
,
an denote the sum apt apt , t - - - taq

,

where peg .

Then associated to the sequence { an} is then

sequence Sp = I 9k .

S , = Ai
,
52=91+92

,K -
- I 53=9 , reaztaz=

a

Notation : The series Zak is called the
⇐ I

infinite series and is used to denote
A, + Azt Azt - - - -

The numbers Sn are called the partial sums
of the series .



If {Sn } converges to s, we say that the
( infinite series converges & write

•

I ask = s .

K = I
•

( Zak is to be interpreted as alien Eyak )
key

• If { Sn} diverges , we say the (infinite) series
diverges .

• Note that a ,
es

, & for a > I
,
an = Sn -Sn- I .

CAUCHY CRITERION FOR SERIES

Henceforth
, an C- ¢ ,

unless specified otherwise .
Thm.3.li Ian converges iff for every E >0 ,
F NEIN 2 /

, nak / EE if MIN 7N
Note that Zan eonv . ⇒ fsn} converges ⇒ {Sn} is Cauchy
Given so

, 3- NEIN 2 t MZNZN , I s -S l E E
m m nd

⇒ I Earl se
-

K-- n

Thm.3.ie If Ian converges, then Ling
,

an =0

Proof : Take in = n in Them . 3 - 11 . Then
I am I £ E for n > N

,
i - e ;

Ian -ol E E for me N
By define

,
this implies an→o as n → • .

WARNING The condition an → o is NOIsufficientto ensure convergence of Ian .



series of non-negative teems ⇒ {Sny is minot .
nor .

Then
. 3.B A series of non- negative terms

converges iff its partial sums form a
bounded sequence .


