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T7Me3il4 ⑨ If I am l E Cn for n >No
,
where NoC- IN

COMPARISON is fixed
,
and if Scn converges , then

TEST
-

Zan converges .

⑤ If an z din 30 for n > No, and if Sdn diverges ,
then Ian diverges .

Note that Cb) applies only to series of non-(
negative terms any

Proof: ⑨ Since Icn converges, given 270,7 N7No
,

t MZ N implies €
,

Ck EE by Cauchy criterion .

Therefore
,

I Email e Een lakl E II. Ck Ee ,
so that

by Cauchy criterion Ian converges . ⇒

⑤ Follows from ② since if Ian converges,
then ⑨ implies Sdn should converge too .

e. 9 - ① gig > Tf & £74 diverges .
*

Hence⑨ implies £
,

also diverges .

② cosine In, & It converges, hence
A

so does 2 COSI)
.

17=1 n2



Series of non -negativeterms
* Geometric series

Thm.3.is If a Exel, then ¥7
,

x"=L
I - K

'

If x 31
,
the series diverges .

Proof. Let x# . Then

Sn : = §yxk = I txtn't n . +x
"
=

l

l - se
'

Now using Them . 3.10 Ce)
,
we see that for

1×1 L l

hi
•

Sn = ' = Iz . otherwise l im sn=o.
nsa

Hence ¥4 x" converges to Ise for lake ,
& diverges for Ix I 71 .

•

Now for 2=1
,
I x" = It it it - - - -

,
which

clearly diverges?
( CAUCHY CONDENSATION TEST)
Thmr3 Suppose a , 7927 r - - Z O . Then

, ,

9h

converges iff

§§2k ask = a , -1292 -t 494 t 89g t - - - -
converges -

Proof : Since both these series consist of non- negative
terms

, by Then . 3 - 13
,
it suffices to show boundedness

of partial sums . To that end
, let



9,1-(92+95) t . - f t 9h ) + anti tantzt- - - +92k
. , -192kt Az

Sn = a , + Azt . -- - tan
,

tie = a , -1292+494-1 - - - -12k ask
• Then for me 2k ,

Sn E ai + Caz -1937 + ( 94 tag -19Gt at)
+ . - - - t fade t9zk+ , t - - - t 92kt '

-
i )

E act @ as ) t (tag) t . - - +2k 92k
= tie '

⇒ s. Etta .
- Ca )

• For n > 2k
,

Sn > act as -1 Cast ace ) t - - - t ( azk- it , t - - - taek )
> Iza , t as 1- (29g ) + flag ) t - - - t 2K- I ask

= It!
I ( 91+292+494+898 + n --

2K azz )

⇒25ns, tie .

- C b)

From Ca ) & Cb} the sequences { Sn } & { tie} are
either both bounded or both unbounded .

Thmr3 Int converges if psi & diverges for
psi .

Proof : - If p so , then nip to as time .

Hence Ifp diverges .

If p >0, then by Then . 3 - 16
,
Into converges

iff §→2k.¥p converges .



y -_ logn

But Ee
.
if - EE

.

'"" .#
Now 2

' - Pa t iff l - p so ,
I -e ; p > I

,
and then

by Then . 3.15
,
we see that ,€gzk . zfp_ converges.

⇒ I converges for p > I
.

•

Thm.3 If p > I
, I 1

'7=2 Flog ,yp converges
;

if psi, it diverges . §
,

2k zki¥P
1¥ : fens -- login is an increasing fin . ( proved

later) . Then { ,ggn,p}- is a decreasing seq .
N =p

Hence by Then . 3 - 16
,
the given series convergesiff -

I 2k 1- converges .K-
- I zk (log zk )

P

However
,

II. " ' and.gov.
- Ei

. Yogini.?p
,

and so it converges if p - I , otherwise it

diverges .

*

EULER NUMBER
'

e
'

Refn . e=,€
, ÷, ,

where n ! = 1.2-3 . . - n if Mel
,

& o ! '- l

e - ¥, ' # t 's, t 's, t - -- - -



Note that Sn =L ,
+ It r - - t ÷

= it it
,.tt ,z÷, t

r - - t

, .z÷
L l t l + ÷ + Iz t r - - t ÷,

< It 4 + It (E)
'
t . . - )

= I + I

⇒z,

= 3 .

A

Hence the series I ¥, converges .A = O


