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Then. 3.23 For any sequence {Cn} of positive
numbers

,

l im inf ⇐ s
l im in f Cn

'm
n→- Cn

n→ a

Iimsup on
""
E l im sup cn

.

n → -
n →a Cp

POWER SERIES

Defoe . Given a sequence Gcn } of complex numbers,
the series n=£oCnz " is called a power series .

• Associated to every power series is a
circle @f convergence ) such that the above
power series converges if z is in the interior
of the circle

,
and diverges if 2- is in the

exterior .
On the circle itself

,
the behavior is

more varied .

17¥24 Given the power series Zenz
"
,

put a = l im sup ten l
"n & R -- Yy .

A →

Then Zenz" converges if 171<12 and diverges
if I 71712 .



Proof : - Apply roof test with an =Cn t
''
so that

lizzy lanl
""
= 171 linensup ' em

'"
= 'II . ,

* R is called the radius of convergence(V. o . c .)
of the power series .

① Cn = n " ; l imsup ten l 'm
n - or

Examples = lingam n = to ⇒ a -_ a
.

① I n
"
Z
" has 12=0

.
⇒ R -Ya = 0

.

② 2¥
,
has R = to .

-

③ 2 zh has RE t
.
The series diverges for

12-1=1 since { 7^31-0 as n →a.

④ I ¥1 has 12=1 . For 2- =L
,
it diverges .

It converges for 12-1=1 , 2- f- I .

③ 27in has 12=7
. It converges for all t

with 12-1=1
,
since 17¥21 =# .

② an -- ET lingua la:# I - linguist n
.

Enl
= lingua 'II ,

= ' not lining n÷,
= I ZI . O

⇒ Ratio test implies
= o S 1 for any 2- c- ¢ .

I 2% , come . t ZE Cl . ⇒ R =p .



③ I Zn
. ,Cn=1 In c- IN !Go}

R = -

linmgzpc.im
= IT =L .

④ 2¥ '"
i.ms#im--iinmggpnT.nCn=YnV-ne-IN
nm-

= ÷ = I
.

⑤ Suppose 12-1=1
.

lnE¥4 ' E. 'II -- E. ha
-

converges.
By comparison test , I,2Im converges .

SUMMATION BY PARTS

Thm.3.is Given 2 sequencesfan } &{ bn},
let An =

, oak , if
nao & let A-

, =o .



Then
,
if O E p E q ,

⇐pan bn = An Cbn - box , ) -t Aqbq - Ap - , bp .

Proof : See Rudin .

° The above
'

partial summation formula
'

helps us in investigating the series of theform San bn
, especially when { bn} is montonic.

Applications of the partial summation formula

Thins Suppose

⑨ the partial sums An of Ian form a bounded
sequence ;

⑤ box b , I bz 7 - - - - - ;

⑤ l im bn = o .

n→ •

Then San bn converges .

Pref : By ⑨ ,
FM >o t 1 An l E M kn EIN

.

By ① , given an exo ,F N EN z b
N E E-

2M
'

By the partial summation formula , for N E p Egg ,I ⇐pan bn / = I An Cbn- binti) t Aqbq- Ap- i bp /
E € 1 An l l bin - b.→ , I + I Aqlbqt I Ap - i Ibp



= Ep't Ant (bn - bint , ) t IAqlbq.tl/tp-ilbp(5:nzbn+
.)

← M ( f Cbn - binti ) t bqtbp)
= Me bp-phttbpfi-bpftbpfz-bpthst-tbq-jb.gl

= 2 Mbp E 2mbar E 2mi In = E . T byqtbp)
Hence I an bin converges by , Cauchy criterion .

Th27 (Alternating series test)
⑨ I c , I 71cal 7, I Czl 7 . - - .

④ fam- i 70 , Cam EO (KMEIN )
⑤ lien Cn -- O .

n→

Then Icn converges .

Proof : Let an = C- 1)
" t '

,
bn = tent in Them . 3.26 .

Notethat An = oak = Eoc-Hk" s 2
Also by Cc ) , lim lent =D .

So by Then . 3 - 26
,h-so a

{ C-is'' ' tent converges §! - it
"
Cn -- C

,
- C-↳+ ez

- C-egg -1. -- = Citcztcz
Thmi3r28_ Suppose the radius of convergence of t- - - --
I Cnzn is 1 and suppose co > C, 7, Cz 7 . . - -

, liman -- O .
Then Zenz

"
converges at every point on the circle

171--1
, except possibly at 7=1 .

Proof : - Let an = 7
"
& bn = on . The hypotheses of

Them . 3.26 are satisfied since

I Ani - II.ozml = I
'

le Ia '

if 171--1
,
2- f- I

.

TAN



II come . for an z ¥7 ,# l

Cn = In App1y-ThM§28b#Conclude


