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MA 509 - REAL ANALYSIS- LECTURE 29
ABSOLUTE CONVERGENCE

{ an is said to converge absolutely if
Slant converges . e. g . I is abs.com - Ser.

he ,
NZ

Thm29 If Ian converges absolutely , then
Ian converges .

(Absolute convergence→ convergence )
Prod : Note that

I Einar le Esta.nl .

Now use Cauchy criterion .

• There are series which converge without

converging absolutely . Such series are called
conditionally convergent series .

Example : I
"
.

ADDITION AND MULTIPLICATION OF SERIES

Then
. 3.30 If Ian -_A

,
Ibn =D

,
then

I @ntbn ) = A TB

I can = c Ian for any fixed c.



CAUCHY PRODUCT

Given San & Sbn , put
n

Cn = I akbn-k ( 17=0, 1,2, - - -)
k=o

Then 2cm is called the Cauchy product of
2series since Zen -- San Ibn

.

MOTIVATION

(nIoanZ '' ) ( II. bnz")
Hao Tai 2-tazz't - r) ( b otb , 2-t be It . - -)
= aobot@ob.t a ,

bo ) 2- + ( a.bz + a , b , t aab o ) 2-4 - - -

= co t C, 2- t Cz# t n r -

Now let 2- =L
.

Example : If An =
, oak , Bn = Ego bk , Cn -- Eyck

& An → A
, Bn→ B, then Cn does not necessarily

converge to AB .

Consider ¥og "
. It converges by the alternating
series test .

I converges because {¥,}*
. sasq.is a



Let an = bn =
tht y

'

n -K
Then on -- Ezo akbn-n - Ino,

n
f n - K t I

= ←ME 1-
k=o

'

Now (n -ktikkti ) = + IT- ( 'z - KYE⇐ + IT.

Then lent a Eso = → o as nsa
.

7¥34Mertens) Suppose

(a) ¥3 an converges absolutely ;
(b) ⇒g an = A ;

( C ) ¥2
,
bn = B ;

(d) Cn =
, oak bn-k Cn -- o , 1,2, - - - )

Then If
,

en -- AB .

Thm.biz If the series Ian
,
Ibn & Icn

converge to A ,
B
,
C & Cn =

, oak bn-k , then
G- AB .



E-TX q
o

Chapter 4 - Continuity ,
i
.

) )

Limits of functions • A

Anthon
drop

et X and t be metric spaces ; suppose ECX
f- : E - X and p is a limit point of E . Then

we say foe) → q as N - p ,
or in other words

,

l im f- ( x ) = of
x -sp

if F go 4 with the following property :

For every e>o, 787oz dy ( fin ) , Ce
for all x c- E for which o - dx (x , pls 8 .

• p may or may not be a point of E -

" Even if PEE , we may have fcptlgjinpfcn) .
Think Let X

,
Y
,
E
,
f and p be defined as before

Then deimpfcx7-qiffnlijryfcp.is -- q for every
sequence { pin } in E t pm # p , l im pn =p .

⇒d n→•

Proof : - Suppose
,! ismpfcn ) -- q! Choose { pin} in E

7 pm → p. Let e> o be given . Then F fro t
d
,
Cfcry

, p) < E wheneven x EE& Osd, ( x ,Msf .



Also
,
7 Ne N a t n >N

,

Ocd
*Cpn, PICS .

Thus for all n >N
,
d
,
( fcpn) , g)se

⇒ lining
•
ftp.D-q. Given e>0,7870 3-

dx ( X
, p) SS ⇒ dglfem.gg

"

⇐
"

conversely , suppose lien fen) #q . This
implies Zero 2 AS > o ,

''

I' Bee E C depending on 8)
sit . dy Cfm , g) ZE but Oc dx Cns PICS .

Take Sn = Yn one IN , in particular . Then
we can find a seq . { pay a pin → p but
d
,
Cfcpm , q) Ze .

→←

Cor2 If f- has a limit at p, this limit is
unique .

In a metric space , if Pnas p & primp
'

,
then

p =p
'
. -

I

npfcn7= oh, say . ( by the hypothesis)
Spseofimspfcntq , where q't oh, then Ling flpn)- q'
But l im fcpn) -- q . Hence 9=21

.na -

Thm.4B_ Suppose E CX ,
a metric space , p is a

limit point of E , f and g are complex functions
on E ,

and dig feat = A , lying. gcn) = B - Then

⑨ dhpp#+g) CN = A -113 ;



④ fight f-g) ex) = AB ;
⑤ t.ie?pfEg)cx7--fIz ,

if Bto
.

Remark : If I, g- : E→ Rk , then ⑨ remains
as it is

,

and ⑤ becomes big# • g- l (x) = A.B -

CONTINUOUS FUNCTIONS

Let X & × be metric spaces, ECX , PEE &
f- : E→Y

.
Then f is said to be continuous at pit for every e> 0, 78702 dy, Cfc set, fcp) ) < E

K KEE z dxcx , p) s S .
In other words

,

skimp tens -_ fcp) -
• If f is continuous at every point of E ,
f- is said to be continuous on E -

Note : PEE in order for f to be continuous
at p .

• If p is an isolated point of E, every fin - f
whose domain is E is continuous at p .


