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continuous at p - Assume also that p is a
limit point of E - Then f- is continuous at pIff Iim fan) = fcp) .

K→ p

Thm5 Suppose X ,T and Z are metric spaces,
ECX

,
f maps E into 4, q maps the range of

f-
,
f-CE)

,
into Z

,
and h ? E→ Z is defined by

hers =gcfcn ) ) ( KEE) .

If f is continuous at a point p GE& g is
continuous at fcp? then his continuous at p .

Proof : - Let E>o be given .
Since g is cont- at

Fcp)
, 72707 d

z ( gey ) , gcfcp))) CE if
dy Cy , fcp) ) sq & y EfCE) .

Since f is cont - atp ,
7870 7

dy ( fear , f-Cps) c q if dxcx , pls S and see E.

⇒ dz Chem , he phone if dxca.pk 8 & x e- E .

⇒ h is continuous at p. .
*



Thm.4.CL A mapping f- of a metric space X into
a metric space T is continuous on X iff f

-'

( V)
is open for every open set V in T .

Proof :
"

⇒
"

Suppose f- is continuous on X . Let
t be an open set in Y .

Claim : f - ' CV) is open in X
,
i - e ; every

point of f
- 'CV) is an interiorpt . of f -' CV) .

Suppose pe X and fcp) EV fi - e ; PE f-
'
CV)) .

V open ⇒ F E > o z y EV if
d,ffcp7 , y ) CE .

But f is continuous at T , hence F 870 2
dy Cfc fcp ) )ee if dx ( n , PKS .

i. e ; f EV if dxcn , p) CS .

In other words
,
see ftcv ) if dx Cusp) CS.

-
-

- Y

avi

' '

Thus for any p E f
-'
CV) , F Ngcp) t

Ngcp) Cf -' CV) .

⇒ p is an interior pt - of f-
' CV)

.

⇒ f- ' CV) is open in X .
*,



Corot A mapping f of a metric space x into
a metric space y is continuous iff f

-'
C

is closed in X for every closed set C in T .

and f continuous on X,

Renoir : For every Ect f
- 'CE
'
) = (f

- '
CE ))

'

since a set is closed Iff its complement is
open .

Teniers Let f- and g be complex continuous
functions on a metric space X. Then fig,
Fg and f-Ig are continuous on X .

( of course , while considering fig , it is
assumed that goes to t NEX . )

Thm.4.at ⑨ Let f, . . . . .

,
fk
,
be real functions

on a metric space X , and let F be the mapping
of X into R" defined by
f-Ck) = ( f, cut

,
fzcu)

,
. . .

.

, fk cu) ) (xc-X ) ;
then F is continuous iff each of f, , fz

,
. . .

, fee
is continuous -

⑤ If I and g- are continuous mappings of X
into Rk

,
then Itg and F. g- are continuous

on X .

Note that

Proof : ⑨ If
;
en) - fjcy) / s t Fck ) -Fey) /

= I focus- f. cyst )
"

?
⑤ follows from ⑨ & the previous then .



Examples
① Let Ki , Nz, - - - , Nk be thecoordinates of a- ERK.

Then fi : IRK→ IR defined by
Bien ) -- ri

are continuous fins . on Rk since
I di Ciel - of icy 31 E l E - 51 shows we

can take S = E .

These functions are called coordinate fins .
⑤ All polynomials , rational functions ( where
the denominator is non - Zero on the domain)
are continuous functions .

③ f : R''→ IR defined by fest ) -- III is
a continuous real function on IRK .
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CONTINUITY AND COMPACTNESS

Defy A mapping E : E→ Rk is said to be
bounded if 2 MEIR 2 I f-CHI EM knee .

-

Thm-4.io Suppose f is a continuous mapping
of a compact metric space in m -s . Y

.

Then f-CX ) is compact .

Proof : Let {Va } be an open cover of f-CX ) .

Since f- is continuous
,

' ( Va ) is open .

{ f- '
Cta) } is an open cover of X & X is cjpt -

(abbreviation for )compact



⇒ F a , .az, - - -Hn F

X C f -' Cva? Uf
-'

( Va) U . . . - f
-'

( Van)

But fCf - 'CE) ) C E for every ECT .

⇒ fc X ) C Va
,
U . . - - U Van

.

⇒ f- CX ) is compact .

*

f-can c- f-CX ) e

f c- Vg for some X
.
¥

-


