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MA 509 - REAL ANALYSIS -LEC-URE3#

DISCONTINUITIES
If x is a point in the domain of defn. of a
function f at which f is not continuous

,

we say f- is discontinuous at x , or that
f- has a discontinuity at se .

LEFT - AND RIGHT- HAND LIMITS

First of all
,
let text ) : = liiga, Ayy (right -

y hand
limit)

and f-ex-Selim fey ) ( left -hand limit ) .

y→ se
-

This means the following :

• feat ) =q if f-Ctn ) →q as n →* , for all
sequences { tin } in Cse ,

b ) s - t.tn → se .

• Similarly, f-ex- I = q if f-Ctn ) →q as no -,
for all sequences { tin} in Cape) s . t.tn → n

.

Remark : Note that l im fet ) exists iff
tax

fee - I = feet ) = lim fct) .
2

•
+→ x p o

DO

TWO TYPES OF DISCONTINUITIES :
"

Let f- be defined on Ca, b ) . If f- is discontinuous
at a point se, and if feet ) and fee

-s exist
,
then



f- is said to have a discontinuity of the first
kind , or a simple discontinuity at N .

Otherwise
, the discontinuity is said to be

of the second kind .

Examples : ① foe) = { l X E

O
,
X E Rl .

Then f has a discontinuity of the second kind
since neither for -17 nor ten -I exist .

③ for) z { x C XE ) A •

O CRE IRL ) .

⇒

Then l im fcx) = o = f-Co) . Hence f is
as O

continuous at x -- o and has a discontinuity
of the 2nd kind at every other point .

X-12 - 3 LK C -2③ Let fork { ;¥z ! If:{? '

ere
, f-Co -13=2 f - 2 = f-co - I . Hence f has a simple

discontinuity at x=o . Other than this
,
f is

continuous at every point of C-3, l)
f-C- 27=0 = f- C- 2- )11

f- L - It )

④ feet. { sin (
'
he)

,
x # O

O x =D .

-
-



¥:÷÷÷÷÷E⇒÷
im ii.

him
.
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Both f-cot ) and f- Co - ) does not exist .
Hence f has a discontinuity of the 2ndkind at 2=0 .

Other than that
,
f is continuous at

every other point in ER .

MONOTONIC FUNCTIONS

①efn . Let f be real on (a
,

b ) . Then f is said to
bet monotonically increasing on Ca , b) it
aaxiyeb implies fox) E Hy) , andmonotonicallydecreasing if fcx) > f-Cy) .
Thm-4.is Let f be monotonically increasing on
Ca
, b) . Then fix -11 and for -3 exist at every

point x of Ca , b) . More precisely,

aafgaupnfcG) = fin - I Efcx ) E fact ) =gIgfzbfctIf⑤
Furthermore

, if a-secy - b, then

f-ex -17 I fly- J.
• Analogous results evidently hold for mono -
tonically decreasing functions .

Pref : Since f is monotonic
,
if a store , then

the set of numbers fct ) are bounded above

by fan ) .
Hence it has the least upper bound , say A.



Then A E fcx ) .

Claim : A = f- Cn- I .

Given e>o
,
since A is the least upper bound

of { fct) : as ten}
,

7870 7 92×-822
and

A - eaten - S ) < A . - ①
But since f is monotonic

,

f- Cn- 8) E fct) EA ( x - S < ten)

From ① &② .

-②

A- es fct) < Ate ( x- Seta x)
⇒ lfct) - Al se for x - Satan .

=) A- = for - ) .

Similarly , one can show that
fort ) = infffct) ) .

xstcb

Now if asxcycb , from ④
,

f-cats = fzpffctl I = oienfzyfet ) ,
by applying ④ to (ayy ) instead of Ca , 'D.

Similarly , f-Cy - I = sup ( fct) ) = sup (fct) )
artsy satay

'

since infects) E £¥Ry#t)) sxatcy
we have f- Cat ) sfcy -J .



Core Monotonic functions have nodiscontinuitiesof the second kind .

Thm.4.to Let f- be monotonic on Ca, b) . Then
the set of points (a , b) at which f is disco-
- n timeous is at most countable .

Pf : W - e.g. , f is increasing . Let E be the
set of points at which f is discontinuous -

we associate to every x EE , a rational
number r ex) 2

f- ex- I < verse) < feat ) ( : f is monotonic ,f-Cx - ) & feet)
both exist &

since f is discontinuous
,
f- Cx - ) s text ) .)

Then x, cxz implies f-exit ) E fexz-)
⇒ 0 c , ) Krenz) whenever X , #Rz .

Thus F a l - l correspondence between
set of discontinuities of f and the set of
rational numbers - *


