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MA 509 - REAL ANALYSIS -LEC-URE#5
Infinite limits and limits at infinity
f xEIR

,
a nbhd of se is a segment (x- S, set 8)

for 870 .

' Defee : For any C EIR
,
the set of real numbers K

sit . x>c is a called a neighborhood of to,
and written as CC

,
to) . Similarly , the set C-no, c )

is a nbhd of -o .

Defoe Let f be a real fin . defined on E . Then
f-Ct) →A as t→ x where A & x are in Rusty}
it for every nbhd U of A ,

there is a nbhd V ofK
s - t . ME is not empty , and sit . fct) EUVTEVNE

,
t#se .



Chapter 5- Differentiation
• The derivative of a real function :

Let f be real -valued on La, b] . For any x C- Ca
,
b?

let $ Ct) = fct7- casts b
,
t# x )

(difference quota t)and define f-
'
Csc ) = find

,
Get)

, provided this

Also
,
f-
'
CN-- Lingo faeth)-fin)limit exists .

I

* f ' is called the derivative of f .
h -

' At the end points a or b, the derivative , if
it exists

,
is a right - hand or left - hand

derivative
, respectively .

DIFFERENTIABILITY IMPLIES CONTINUITY

Then . 5 - I Let f- be defined on Ca , b] . If f- isdifferentiableat a point x C- [a
,
b]
,
then f is continuous

at x .

feudal
Proof : As t → n ,

f-Ct- fan ) = f-Ct)- fin) .

ft -n )
- o
t -n

→ f
'

Cx) . O = o .

⇒ tin fit) = feel . Hence f is cont . at se .
b-→ se

IN
1in fit)- fco)
+ → ox to

= fight 'II - fight I -- l
.



fling
.
- fet¥9= tinson '¥ -

- Lingo - II-- - I

• Rules of differentiation
. Derivatives of elementary functions

Thm2 Suppose f- is continuous on La , b]
,

f
'

Cx) exists at some point Roca , b] , g is
defined on an interval I which contains the

range of f , and g is differentiable at the
point fan) - If hct) = g Cfcf) ) ( aEts b),
then his differentiable at x

,
and

tick ) = g
'
( fern )) f- Ex) .

Proof : Let y = fan) - Using the defn . ofderivative
,
we have

f-Ct) - fcx ) = ft -se) (flex) tu et) ) - (a)
967 - gcy) = (s- y ) ( g

'

Cy) + res) ) ,
- Cb)

where te La
,
b]
,
SEI

,
and act) → o ,

Ves?→ 0

as s → y .

Let safety . From Ca) & C b)
,

het)- hens = gcfet) ) - g Cfc n))
= (fct) - form ) ( g

'
Cy) t vis) )

= Ct-ni ( f 'entrees ) ( gley) -1USD .

Hence for ten ,

k¥137 = ( g
'

Cy) +Vcs) ) ( f-
'
cast Uct )) .

Now let t → se . Then s → y ( by the
continuity of f ) .

⇒ h'Cx) = g
'

( fer)) f- ' em)
.



Exempts
① foes = { xsinl

'In )
, Geto )

O ( R- o )
whenever a # o , f ' e) = x cos( ta ) ( - fan)

+ sin (
'
be) exists

.

At x - O
,
we Use the actual defer . ofderivative

. Note that fort # o,

fctf.to#--tsinfYt-0--sinfI ) .

Since Lim
,

sin .tt) does not exist, f-
'
co ) does

Aif
"



② fans = goes in Hnl, Cx #o )

o ,
CR=D

f- 'Cock 2xsin( ta) - cos (ta) ( k¥07
.

At x -- o :

fctf-f.co#--EsinfIIo--tsinfE).fta--tlimotctI-IgoI= Ling
.

tsin CI) - o .

( r : Its in (f) / s Iti)
⇒ f is differentiable for every X EIR .

But f ' is not continuous at 2=0
.

MEAN VALUE THEOREM

Def Let f be a real function defined on a
metric space X . We say f- has a local maximum
at a point PEX if 78 > o z fcq) Efc p) t qex
with dcp, < S .

Similarly
,
we define local minima .

Thm.5-3_ Let f- be defined in [a , b) ; if f has a
local maximum at a point x C- Ca

,
b)
,
and if

fcp) . - - - . . →f ' Cn ) exists
,
then f ' em = 0 .

J
p. ; tops



Froot choose Sz as a -Sana setSsb
.

If x -Satan
,
then

f-Lt) - ten)
7,0

t -n
Now let t→ se

,
so that f- ' em > 0 .

-①

If Nctc sets
,
then fct)- fcn)

fkn) so- ③
¥

so so that

Hence from ① &②
,

fkn3=0
.

Thm.5 If f and g are continuous real functions
on La

,
b) which are differentiable in Ca, by then
I see Ca , b) 2-

(fcb) - fca ) ) g
'
ex) = ( g Cb) -gea ) ) f'Cx) .

Piro : Let bet) : = (fcb) -fca) ) get)- ( gcb) -gladfct),
for a stab

.

Then h is clearly continuous on Ca , b] , &
differentiable on Ca , b ) , and

Inca) = fcb ) - fca )) g Cas - ( gcb)- gea ) )# a)
= fcb) g ca) - gc b) fca )
= he b) . a.

Claim : h '
Cx) = o for some XE la , b) . . . . .. . . .

I 7

! !

Casey : h is constant .
a b

Then h 'll x) = o t KE ca , ID .



Case 2
Ift t) > he as for some to Ca, b), let d be
a point in [a, b] at which h attains its
maximum . Then hea) = heh) implies xecagb?
& then h ' c se) -- o .

Casey If Act) a heal for some tocarb? choose
see [a , b] at which h attains its maximum.

cor.IS If f is a continuous real function on
Ca
, b] which is differentiable in Ca , b) Fx Eca , b)2
fcb)- fca ) = ( b - a)fkn )

.

Proof : Let gcse) -- z in Thin - 5.4 .

④Xf'
*.

"


