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-

Thin.5.co Suppose f is differentiable in Ca, b) .

(in If f
'

em) 70 K NE ca , b), then f is monotonically
increasing .

Cis Iff 'ex) -_ o K re ca
,
b)
,
then f is constant .

(
iii) If f 'ex )so H RE la, 67, then f is monotonically
decreasing .

Proof : Let x, , Xz C- ( a , le) *a# , snub .

Since f is continuous on Cai , nz) & differentiable
on (mins) . So 7 X C- (N innit

f- txz ) - fine ) = (Nz-ni ) -flex ) . ( by MVT)
So for example , if f- ' en) 20

,
then Karin ,

implies , fcnz) > feni ) . The other two
conclusions follow similarly .

The continuity of derivatives

Consider functions which are differentiable on

every point of an interval - Then theirderivatives
have one important property common with

functions continuous on an interval
,
and that is

,

intermediate Maines are assumed
.

Thm.5 Suppose f is a real differentiable function
on Ca

, b ] , and suppose ft as < tcf
'Cb) - Then Fae casts)

z flex )-- X .

A similar result holds if f- 'ca ) -f 'Cb)
.



Praofi Let get ) = f-et) - X t -

claim : get , > a g ca) for some t, Ella , b) -⑥
This is because

,
if gets 7g ca ) tf teca , b),

then K¥1 go .

Since g.
'

Cal exists,
t - a

g
'
cat ) =g'Ca) . Hence finna, gctt-g.ca# > o

f- a
⇒ g.

'

ca) 70

This contradicts the fact that g
'

ca) so ,
which

,
in turn

,
follows from the fact that

f- 'calc X .

Similarly , gkb) >o implies that 7- tze ca, TDF
getz) cgcb) . -③
Since f is differentiable on [a, b], it is
continuous on La, b] . Hence so is g .

Since Ca
, b) is compact , g attains its minimum

on [a , b) at some point x C-Ca , b) . (from ⑨ &③)
Since g.

'
Cx) exists on [a , b]

,
it follows from

Then . 5.3 that g
'
ex) = o .

*

Cor.58_ If f is differentiable on [a , b]
,
then

f ' cannot have any simple discontinuities on
[a, b] .



# im X- sink I
,

I - cos n
mo Tes

-

- schnoz -- Stein.
'

:#

=3 Limo sign - I lnimnosinnn = I .

sina.o-zf.in#- . - - -
- ⇒③→s

Let 2=30 - Then L = lien 3O-s3O)
•→ o @033=11in 30 - ( 3Sino - 4sin3o)

27040← Its my0-5630=21+(3+ 4) ⇒ 272=344 -141 ,

L' Hosp , yah .si?uieh--
'⇒ ,

d osif%
Then . 5.9 Suppose f and g are real and differentiable
in Ca ,b ) , and g'ex) to tf set Ca, b) , where - Easbeta .
Suppose fgY÷e, → A as x→a .

-①
If feel → o and gcse)→ o as a → a

,
-②

or if gem → to as a → a, -③

then fend
→ A as x → a .

-④
gin)

Analogous result holds if x → b
,
or if gcse)→ -x

in

Prefer. Consider first the case → E Asta .

Choose f- Rt Asq . Then choose r EIR D-Asrsq.



By①, F c c- Ca, b) t a ex- c implies
⑤→ fgk÷< r .

(why ? ) For if , fg÷nn? >r'

⇒Linga faffing > r ⇒ A> r→←
If asmay as then by Then.

5- 4
, Fte carp 3-

tg.nu#gsy3--fIt) ar . - ⑥
g.
' et)

( why is gem #gey) & g
'
et) to ? )

by Rome's theorem , for, if gens-_gey), F t C- laid o
.

• Suppose ② holds
. Let x.→ a in ⑥

.

then

fg%g - req ca - ya e) - ⑦

Now suppose ③ holds
.
Fix y in ⑥& choose

a point c, e (any) t gen)- gey) and gem >o if
(asses . Multiplying both sides of⑥ by
9cm -gey) we see that

gin
'

fcxsg-enfjarfsemj.ge#)
i -e .

. fogging as - r§etfg¥n, C" I

Let x→ a in⑧ . Since gens- o as as a ,
7h"" " '

foggy, < rag can



⑦ &⑨ Imply that for any q , subject onlyto the condition As 9
,
F ca stages ofif acne a <

2 '

-④

Similarly , if - - < A E to, and p is chosen
so that PLA ,

F Cz 2 pc fed
gang

(asked.
-①

Hence ⑤ &⑨ imply , dei ;nafgn÷n, = A '

*


