
⑦ &⑨ Imply that for any q , subject onlyto the condition As 9
,
F ca stages ofif acne < <

2 '

-⑨

Similarly , if - - < A E + no, and p is chosen
so that PLA ,

F C
,
2 pc fed

gang
(asked.
-①

Hence ⑤ &⑨ imply , dei ;nafgn÷n, = A '

*

• deign xt£ = Lingo 'tox aligning
(Not correct) does not

exist
.

•
limn tan fans = tan- in
x.→ * a gem) = se

gens- o as ne -
←a

align fg÷mn, exists because align =o
.

⇒align foggy. hi;njfgY=o .
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Derivatives of higher order

• In order for f CN CN ) to exist at a point N,
fen -

' '
et) must exist in a neighborhood of se

(or a one-sided nbhd
,
if x is an endpoint of

the interval on which f is defined)
,
and f""

must be differentiable at x. Since f ' " -' '
must exist in a nbhd of x

,
f Cn-hmustbe

differentiable in that nbhd .

Thm.5.io ( TAYLOR'S THEOREM )
Suppose f is a real function on [a , b]

,

n E IN
,

f- ' n-" is continuous on La, b ]
,
f-"'et) exists for

every te ca, b) . Let a,p be distinct points of[a
,
b]
,
and define

Pets = £ ftp.k?ICt-a3k..-C*)K -- o

of#Xt)
Then I see Cd , t fl = Pcp) -1 f"n÷ ( p - a )

"

.

Remarked : ① n = I gives mean valuetheorem .

② The above theorem implies that f can be
approximated by a polynomial of degree n - I ,
and that (**) can be used to estimate the
error

, provided we know bounds of Ifc
"'cool .



Proofi Define M by
fcp) = Pcp) t Mcp - as

"
- ①

Let gets = fct) - Pct) - Mct- a)
n

ca Ete b) .

-

M = f.
"'

ex,

-②
Claim :

ny
for some RECA

,
.

From and ②
,

g.
' "'
Ct) - fcmct) - n ! M Casta b) .

Thus we will be done if we can show that

gem =o for some X E (9
, p) -

Note that for 15=0
, 1,2, . . . , n

- l
,

P'"ca) = f'meat
⇒ gear g

'
ca) -- . . . .

= g
"-'das -

- o
.

By our choice ofM , gcpd = o .

Thus by Rolle 's then ; 7 x ,
C- Cd

, p) t g
'
c se , )=o .

Again since g
'
Cd)-- o

,
Faze Cd, mis t g

"

end = o

After n steps
,
we see that F Ken C- ( 9, Nnn, ) D-

g.
""
can) -- o .

* .



Differentiation of vector- valued functions
a. Defn - of derivative same for complexfunctionsf defined on [a , b] .

. Same with
'

Differentiability → Continuity
'

& rules of differentiation .

If f ! A fz are real and imaginary parts
of f

,
in other words

,
if

f-Ct) = f , Ct) + i fzctl , for astab ,

where f , Ct) & fact) are real, then
f-

'

Csc) = f! Cx) tf
'

ex) .

• f is differentiable i tf both f, & fz are
differentiable at n -

* For I:[a, b ] → Rk, F'Cx) is that point ofRk for which fling, IEctfa ) - I'cm/=o .

• The L' Hospital rule as well as the mean value
theorem fails to be true for complex- valued
functions

Examptes Let see IR . Define fees - ein cosset isinn

Then feet) - tco) = I - 1=0 but fkn ) = iein
Hence I f-

'
oeil = l tf KEIR .



② On co
, D , define fear & gem = set stem?

bing.lt#IT-t- him.la#ein--- ' I
= lim
Koo

l - n'eilny
¥einy

- slim
, em ,

But by reverse - triangle inequality ,

1 It neither I 711 - I sell = l l -set .

⇒ him
. If:# - it skins . # - o .

⇒ Kim
.
I fginn, -1=0

⇒ him.fi#m--i .

Next
, g

'
ex) = ' tfn - 2nd ) eiht coaxer )

Thus
,

I g
'
em I = / 2x - In / - I > In - l

( Hence g
'
em to for , if glints for some n,

we would have 03 Za -I ⇒ 272 →a- since
XC-Co , t) .)

⇒ lfg.IT/--,g!Tn, , s ¥,

= In .

⇒ Lin .fi#ni-o .


