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Thm.6 If UCP
,
f
,
2) - LCP, f , 9)LE - ④

for some P & some E
,
then⑦ holds with the

same E for every refinement of P .

③ If④ holds for P={No, ni , - - -inn} & if Sisti
are arbitrary points in [ see , , ni ] , then

,#If Csi ) - fetish Idi LE
⑤ If f- C- Rca ) and the hypotheses of⑤ holds

,
then

I
,

f-Cti ) aai - fabfda fee .

Promote⑨ Let P
'

be a - refinement of P . Then

from Them - G - l and Then . G - 3
,

UCP 's f, a ) - L ( p
'

,
f , 2) E UCP, f , a) - LCP, f,2)

< e .

③ From the hypotheses of③, both fcsi)& ftti)
lie in [ mi, Mi] .
⇒ Ifcsi) - f-Cti) / E Mi-Mi .

Thus
, ¥

,

Ifes;) - f-Cti ) la ai f if Mia di -
i
Mi Idi

= UCP
,
f, a ) - LCP, f , a)

< E .



⑤ Note that
LCP
,
f
, a) E Ift ti ) dai s UCRf, a)

& LCP
, f, a ) E ff da E U ( P

,
f
, 2)

Thus
, !£fcti7 dai - fabfda
E UCP

,
f
,
a ) - LCP

,
f
,
2) CE
-①

Also
,

- Es LCP, f, a) - UCP, f, a )
I Zfcti ) dai - ffdx -②

From ① &②
,

I I fcticai - ffd a Ice .

Thm.6i5_ If f is continuous on Ca
,
b]

,
then f- C- Rcd)

on Ca
,
b] .

Proto : Let E > o be given . Since 9 is monotonic
,

a Cb) - 4cal so . Choose 2702 @ Cbs- a cat)2< E .

Since f is uniformly continuous on Ca
, 547870

I lfcn) - f-et) Is y whenever X
,

t E Ea
,
b] &

Ix -Els S
.

If P is any partition of Ca , b] s . t
- axis8 Hi

,

then from the above , Mi - mi EN ( i = 1,2, -→ n )
Note that f is continuous on [ni. , in ;] so that
f assumes its maximum & Tampax t set
minimum

, say , Mi & mi respectively .



⇒ UCP
,
f
,
a ) - LCP

,
f
,
a )

= ¥
,

@ i - mi ) Idi E n
;
dai

= Ncac b)- Ala)
< e .

Hence by Then. G - 3
; fe Rca) -

ThmG If f is monotonic on La , b] , and if a is
continuous on [a , b]

,

then ft Rca ) .

Prod : Let E > 0 be given . For any n C- IN
,
we choose

a partition P t da; = acts ) -d la)

c
.
. - .

( I =/ . - r ; n)
.

I
,

•- -- --

yqq.TK 's)(why is this possible ?) . . . .
'
:b

We prove the then . whenaf is in'dno tonically
increasing . For f mon . deer ; it can be proved
similarly .

Then

Me = f-Cni ) , mi = f-Cni- i ) ( l Eisen )
⇒ UCP, f , 2) - LCP, f , 2)
=

acbt.ae#?,fcnis-fcni-i1i=4Cb7-2la7( fcb) - fca) ) CE ,

since by Archimedean property , F n can be
chosen

,

in the beginning , to satisfy
ME 7 @ Cb)- 2cal ) ( fcb) -fca)) .

By Then . 6.3
,
f- C- Rca) .

*i



Thm.6.tt Suppose f- is bounded on [a , b]
,
f has only

finitely many points of discontinuity on [a , b]
,
&

9 is continuous at every point at which f- is
discontinuous . Then f-E Rca ) .

Remark : If f & a have a common point ofdiscontinuity
,
then f need not be in Rca ) .

Thm Suppose f- C- Rca ) on [a , b]
,

m Eff M , of is
continuous on Em, M ) and hens = f (few ) on [a , b) .
Then he Rcd ) on La , b] .

Which functions are Riemann integrable ?
* Suppose f- is bounded on Ca , b) . Then f e Riff
f- is continuous almost everywhere on Ca, b] .

PROPERTIES OF THE INTEGRAL

Thm-6.at ⑨ If f, E Rea ) and fzf Rca ) on [a , b]
,

then

f , tfz C-Rca)
,
c f E Rea) for any constant C,

and fabff , + fz) da = fabf , da t fab fz da ,

fabcfda = c fab fda .

⑤ If f , en) Sfa cm) on [a, b]
,

then

fabf , da s fab fad 2 .



⑤ If f-C- Rca) on La , b] and if ascab, then ft Rea)
on Ca

,
c) and on [ c, b] , &

factdat {bf da = fab fda .

⑥ If f- C- Real on Ca
,
b] and if If I EM on La, b)

,

then

I fabfda / E M (acts)- a ca) )

② If f-E R ca, ) & ft Acad
,
then f f Rca , -1227&

fabfdca , -1227 = fabfdaitfabfdaz ;
if f- e-Rca) and c is a positive constant , then
f- ER ( ca) & fab fdcca ) = cfabf da .


