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Ch.# ~ SEQUENCES AND SERTES OF EUNCTTONS

co

Suppose 1Y le a secqguence of functions
defined on a™! set £, and Suppose that {007

(the sequence of numbexs) converges for cvery "
XeE - Then we can define a function £ Ey

Feo) = lim £ Cx) (xeE)
N~ oo

Then we seay -f'Pn'{' convevxges onN t"—’_, and that
+ e the |1'm.'-b-’ ox the [imit rFuﬁc-l:-“OI\ of '{"(:f\} .
We also say “4@,& converges to £ pointwise
on E .

50
S?m;lafla) i n;-ﬁn () Convewgee for evexy xeE
and i€ we deflne  Fexy= zir\('%—) (xeE) then
—F is called the Sum of N=1 genies ZfF‘f\

FPROBLEIMS WORTH STUDYING

(D T the functions £, ave Cor\'(:-rlﬂdoué‘-’ ov diffexe
~ntiable |, or fn-t-e_ﬂ'rqble, s the came_tyue fov
lim £n CfPTov'“d}co\) Tt oexists) ?

N~>eo

@ Relatton betuween —-F,\/ X. '-F/ whenxe :F-_r\(._’r)n "Fr\

(® Retatton betwocen J‘Fn £ _(30) whe~e
‘jC: (IIM’_Q’\ .

N~ o



Note +that qu”"j +he [ it ‘Fn- 'ja fs cont'nuaye
at oL ?mpl:‘e_s -bl‘:::)oc ’F(‘GQ = Fex).

Heh¢<_) to qak whethex the (it of a seguenee OF‘
oFcomL—f'r\uous Francetions ig contthuoue o the —
sSaMme. A5 QSKHB whethe

f.'m li‘m -f—n C'f:‘)c- ,i‘m !éi:)’x’ff\&t?’) .

o N n—= o

Examplec
let m,ne ™. Let S, =_M
2
M+ N
[~o~r cvcrj rFx‘x»:o{ n, (:'m 5m{3 _ (','m ! _
M‘——sm J M — o |+n/m —
— li‘m “m S = |‘P() = |
= N0 M—~yp N A — oo
Bub -FO"(‘ evevy —@?'xed m,
|im m . 0 So that [t (.‘N) Sm,\:_o
2_
® Let freon=_==  (xeR nemuiol)

1)
TR x =0, then frcx)=0 MneNviel}
=> D Tnto) converges.
N=0

- ]
o 3:4*—07 o< ' < | R I’\cx\cc Z ’Fn 6‘1'5,
R n=0
_Lejmr a jcomci-"rt“c_ Qc’*ﬂ‘cz? conveyges +o
2
2 — | "\"'}(L.

|
b — %I-'X“')



00
So debline ”f(‘X\’: ZanCK')*— o 5 x=o
n=0 | o> , LFED
Note that £ is a convergent- sewies of—
Cont-tnuouve Luncbons.

Put- 4 /s not continuweus Gt x =0 Since —

[} = T =
O(’,_;north'\ [ 4+(0) | o rP(o),

@ let me N . Se+ ,-pm(g(') s= !\"'Z,N-{Cos(rﬂ{ﬂ’x) 7}91\
m] n
Jemy =

[—o~ any othex values ok x, -] =cosf <l
feaplies that [l cx) =0 .
We can now define —ft‘x‘) ’:r_nf’_l;.r;)o A (D

TF ™[« C Z, FmX) =

I:m
N~

let-xe R\Q: Then mMIX s nevexr an :n{,-qae{
2 hence ~orn ca'raovc__" f-{m (V=0 Yo 2o thatb
’F‘C')L')"—O.
On the 0the l«anako fov = Fra-e &, m!%é?{
for mv,.g . Hence £oxy= |.

“Thae 20
i Liea (cos (mim)) =f I Xeq
Mg N Co 0
o xem\@?,
Thue F fa an chrjwhcrc_ discosntinuous ['mie
’Fuc\cb-.‘or\,

Bhow that £ e not ’ch‘emanﬁ~?r\-bca«ub(<_»



@ Let '-FC%') 8/n (N iel?\,n&l'?\]

\'n
Then Fexy= I'm £ ey = o ( [ein (mo[£1)
N oo
= ’P’C'X'\:O
Dut FF,\'COQ = ncosChnx) — VA cosCnx’) .

N
= £/ 4 since, for cxample, dnor = oo
and -F(‘o') 0,

@ let ancaq: no¢ (l»xQ')'\ Cos'xsl, ne-t“f\))
Let o< £!l. Fox ChH.2 we know thab
i p7O &,o(C_\P\ then lfm n* 4
N~ po CH-P')"\
lLebt =2 4 p= X . Then

| —x2
i  _n>= = lim nci-" =0
f\ﬁ-\ﬁ(-,+ OQ ) f\~99°
A
Sinee f:m = then [t FacxO =0,
h-\m N~ 40
A'SO, ’)Cn(°')=o.) then |inm ‘Fn(o'):o —> (Ilm "Fy\(m,')z.o
N —) eo V\f\aw
: - (fo << 1)
N ovo S DLU._-X?") ch(_ = |
2N+
=) g‘ Frncd dne = N s e oas Ao
2Nnto_

:) oo = I|m

A 5o fo :Fncmqué S; K‘ﬁpfgncuﬂo{xzo.



Suppose dncn):= nxci=a”.
['M g‘ N =  r N ~ i
A ~>po OFF"CM 2 N~ po DNy 20

But- Sﬂ ]Cc'x'\o\%"; §,0dm

o

= O
= o

UNTIFORM CONNERGENCE |

Defn- A ceqguence of functione {1’%\'? Corwevqes un ifoymly

on E to a function £ if fFOYc’\\%;rj £>0 FNemN
nZ N imPl:'e.s | fnen) ~fen] < e VYXeE .

Diffevence bebuween pointwise and unifosm co

AVexze
AT §
-If {ﬁ,\ } c_or\ves'ﬁeg jo‘fh-(,-wfse_ on £ ?r —G‘(r\c_ﬁ—r‘or\ «-F g6,
)
for every €70 anel evewny xef, FNe&em
Jcpc_nc&.‘hq on £ Rnd on od,SucF\ tna t—

| frex) ~fexr (< & for N7 N

TﬂF{an} onverges uf\frFo*'rf\ﬁl\f on E,iﬁ-g;ven €70,

we can &ind onc .‘n-lxae( N which wil do tha___
Qb‘b’\/c Y xe E -

S j*Fn ¢ C_or\Vt*raes un'f’Fo'rmly on [ 7’F —Hﬁc__&
S equence {S,\'} of its Pcwfroul samspi-e;{z*:w\}
converyes w\TfFo«-mlj on E- [

=1



Thm 7 2 6“?["’39‘ '!:‘m Loy = foxy  (xe E).
- —~ 0o
Set M, = Sup [ £ncx)~Fexd| - Then £nm £ unid

on E..iff My ~o as hn—oeo.
PYoa %’ji‘\/er\ 2,7023-Ne~n\)9. 0'7,1\)7’)(&5) [“lcn(")(')—'jQ'mng

-

oup | An0-few] < 2,

—

Thm 7% (Weevrstrass M'-{-/Qs-l,—->
Suppose {FnY is & sequence of functions defined
on £, and suPPosc, IFF.'\C"OI =Mq nﬁ('lé-gl) nem),
Then 2D fn Convevges un?#om!j/:','F 5 Mn convergs:

P'foo-{-'_‘ Since ZMn < 0o_ 37'\/6!\ &0, 4 N@N >
AJ-(\,M'Z'N, j Mll/ < & -

m ‘l=h m m
< . S E .
But l':zn ,Ficm')[ £ P_Zh H:icfx')[ _‘;—2:\ M. <
By Cauchy eviterion for unifoym convergenee,

L-e - 'Tf\mr’:#"’, we secec that Z'ﬁ\ Lomeges u'r\?FwnB
on £

&



