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( h . 7 - SEQUENCES AND SERIES OF FUNCTIONS

Suppose { fin ??
,

is a sequence of functions •

defined on a set E
,
and suppose that { fncn??

,( the sequence of numbers) converges for every
XEE . Then we can define a function f by
f-Cx) = lim fn Cx) (REE)

n →-

Then we say { Fn } converges on E, and that
f- is the limit

,

or the limit function of { fin } .

11

We also say { for } converges to f pointwise
on E

"
.

D

Similarly , if Sfm Cx) converges for every KEE,
and if we def ? '

e feng = for cm) (x C- E3
,
then

f- is called the sum of series {fin .

PROBLEMS WORTH STUDYING

① If the functions fn are continuous
,
ordifferentiable

,
or integrable , is the sametrue for

dingofin (provided, it exists ) ?
② Relation between fn

'
& f' where f- = .LI?nafn .

③ Relation between Ifn & Sf
,
where

f- = limfn .

A - a



Note that saying the limit fn . f- is continuous
at se implies flings fed = foe) .
Hence

,
to ask whether the limit of a sequence of

ofcontinuous functions is continuous is the
same as asking whether

+fine king.tn Ct) - Ling
,
limnfnct ) .

Examples
① Let em

,
n c- IN . Let Sm

, n
= mtf .

For every fixed n , him Son
, n
= links

- ¥m= I
.

⇒ hinge linin, sin
,
n
= king, ' = I

.

But for every fixed in ,

him mma, =
0 so thatmalign Ling Sm,n=o

② Let fncx, = Ie (KEIR
,
n C- IN Usn 03 )

( I + sign
If se = o

,
then fnc x) = o K n c- CN go} .

⇒ tacos converges .

•
- O

For x #O
,
as-1 L l

,
hence I f.next

,

I + m2 7=0

being a geometric series, converges to

If-1 ) = it set .I - Ktx)



So define fcxk.IO#cm= { , Ise ? :{Io
.

Note that f is a convergent series of
continuous functions .

But f is not continuous at x=o since

align, fin) = I -1Cof -= I to = f- ( o)
.

2h

③ Let me IN . Set f.nose) : = Ling {cos Im ! Ita) }
If m ! se C- 21 , fmcx ) = nlim•{← In ! " }" = l

.

For any other values of x , - l s cos O E l

implies that fmcx ) =o .

We can now define fcxs-zligyf.mex) .
LetKERI . Then m ! x is never an integer
& hence from above

,
fm cm) =o Hm so that

f-Ck) -- O .

On the other hand
,
for x= Plqf ,

th ! see 21
for my, q . Hence fan) = I .

Thus
,

mlim Lingo ( cos cm ! Tn ) )
"
= { I keep

O K€1121
.

Thus f is an everywhere discontinuous limit
function .

Show that f is not Riemann - integrable .



④ Let #se) = since) KEIR
,
MEIN

Tn
Then fed = nlismgfncx) = o (

' : Isin Cnn) 1st )
⇒ f

'
Cx) -- O .

But fn '
em = ncogx# = Tn cos case) .

⇒ f- n'→ f ' since, for example, fico) → A
and f- ' co) -- o .

⑤ Let fncse) = n'se ( l - re)" COEN El
,
n c- IN )

Let OCNEI . For Ch . 3
,
we know that

if p > 049EUR
,
then I '

• cI÷n= 0 .

Let 4=2 & p = Is . Then
I - R2

lien m2
" → a

⇒
n
= aliens "41 - si)

"
=o

Since Ling
,

x. = .se
,
then thing them - o .

Also
,
fnc 07=0

,
then align f-ne Oko ⇒ nlinyyfnln) -0

Now fo
'

sect - sign da =L
(for ⑦Enel )

217+2

⇒ fo
'

fncrddn = I → - as in→o
.

2h -12

⇒ - = Limps! fncnidxf fo
'

Ling
-
friends -_ o .



Suppose fncn) : = trace i - sign .

Limp fo'tnem da = him
• ¥+2 =L

But fo
'

fcnidn = f! o du = 0 .

UNIFORM CONVERGENCE

Defy . A sequence of functions {t.nu?F
,
converges uniformly

on E to a function f- if for every E >O F NEIN 2
" 7N implies Ifn cm - foul E E t KEE .

Difference between pointwise and uniform contrary

• If {fn } converges pointwise on E, F function f s . to .

for every e- o and every KEE, F N C- IN

depending on E and on x ,

such that

I fncx ) - fan ) / E E for n Z N .

If {fin } converges uniformly on E
,
if given E>0,

we can find orie integer N which will do the
above K KE E -

• Ifn Cne) converges uniformly on E if the
sequence { Sn} of its partial sums , i- e ;{II. film)
converges uniformly on E -



Thm.tt# Suppose Ligny them = foe ) (NEE ) .

Set Mn = sup Ifn en)- feral . Then fn → fun if .
X E E

on E miff Mn →o as n→A .

Proof given 40,7 NEIN t n 3N ,NEE, Ifn cm -Anil sq
Mn -⇒ iffy I fncn) - ferns I see

Them . 7.3 (Weierstrass M- test)
suppose { fin } is a sequence of functions defined
on E

,
and suppose lfncn) l E Mn (KEE, MEIN ) .

on E
Then Ifn converges uniformly

,
if { Mn converges .

Prod : Since IM n
a

, given E>o , F NG IN tm

ten
,
in 7N

, I Mi E E .

i = n n

But I Ii ficnnl E II. If.cm/E?EnMiEE .

By Cauchy criterion for uniform convergence ,
i-e . Then - 7 - I

,
we see that Ifn converges uniformly

on E .

EE


