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UNIFORM CONVERGENCE AND CONTINUITY

Thm.tt# Suppose fn → f uniformly on a set E in a

metric space . Let x be a limit point of E, and

suppose that I in fact) = An ( ne IN ) .
t → x

Then {An } converges , and fiery fct) = Ling An .

In other words
, finna him finch = Ling

, limgxfn Ct) .
Proto : Let Go be given . Since fnrsf uniformly ,
FIVE IN Z m

, n Z N, te E implies I fact ) - t.net ) If E .

Let t - x and use the fact that Liam, f-net) = An
to conclude that I An - Am l E E for h, in 7N
so that {An } is a Cauchy sequence . Since we
concentrate on real - or complex - tallied functions,
{ An } converges , say, to A .

Next
,

I fct) - Al E l fcf) - fact) I + I fact) - An l t 1 An-Al
-④

Since fn →f uniformly on E, choose ME IN 2
I f-Ct) - facts I E Gz tf TE E , and such that
I An - Al E Elo .

←①
←②

Having chosen this n , choose nbhd V of a 2

Ifn Ct) - An l E Eg if tEVn E , tf se .

-③
( r : Limesefnct) = An )



Substituting ① ,
② &③ in ④

,
we get

Ifct ) - Al EE , provided t EVn E, tf x .

⇒ l im f-Ctl = A -

+→ se *.

Thm.FI If { fin} is a sequence of continuousfunctions
on E

,
and if fn → f uniformly on E, then

f- is continuous on E .

PREF : Let x be any point of E .

We are given
on E sthat f.n → f uniform lie and moreover

,
fin is

continuous on E for dich ne IN .

⇒ l im fact) = An CnEN ) .

tax

Hence the hypotheses of the previous thin . are met.

⇒ fling, him. t.net' -- Ligny fins, fried
⇒ fling, f- Ct) = lining

•

f-next = f- cm)
,
so that f is

continuous on x - Since x was an arbitrary point
of E

,
we see that f is continuous on E .

The converse is not true ! That is, 7 a seq . of
continuous functions converging to a continuous
function , but the convergence is not uniform .

We have seen that if fncx) : = n'x Cl - si) " on [o, D ,
then each fin is continuous on [o, if

,
fin → f ,

where f ⇐ o on [ 0 , D
,
and hence

, obviously ,continuous . But the convergence is not uniform.



Thm.tt# ( Dini 's theorem)

Suppose k is compact and
( is {for } is a sequence of continuous functions oak.

dis { fin} converges pointwise to a continuous fn . f- on K
Kiis fm (n) a frat cm free K&n C- IN .

Then fr →f uniformly on K .

Ptfe Let gn=fn - f . Obviously
, Gn is continuous,

g. n - o pointwise , and gin 79×+1 .

Claim : gn - o uniformly on K .

Let e > o be given . Let

kn = { seek : geneses > e} .

Then g, is continuous
and Ken is closed. ( why ?)

Inverse image of closed set under a continuous

map
is closed . Since EE

,
-7 is closed

,

so is kn
as gn is continuous on K .

⇒ kn is compact (why ? )
kn is closed , Knc K ,

where k is compact .
Since g. n Z Gn+1 , kno Knt , .

⇒ Kin is compact.
Fix XEK . Since gn → o ( pointwise) , we
have x # kn if n is sufficiently large .

⇒ x # n kn so that n kn is empty .
⇒ kN = 4 for some NE IN
Thus tack

,
and for all new

,
we must have

• Egm Cms E .

⇒ gn → o uniformly on K .



Deff . If X is a metric space , ECX ) denotes the
set of all complex - valued , continuous, bounded
functions on X .

We associate with each f- E E CX) itssiepremumnormIf f- H : = sup I feal .

KEX

Since f- is bounded on X
,

" fit so .

Clearly , 11ft 1=0 iff f-(x)
-

- o f x GX
,
i - e . f 0

.

If h -- ftg , then
I hem l E lfcnn It 1 genes Is Hf H t 11g 'll foe ex
⇒ 11 f- + g H E Il fit -117g 11 .

Define the distance between f, g e ECX ) to be
tf -gil . Then from the above, we see that
ECX ) is a metric space -

Remark .

-
-

Thus Then . 7.2 can be rephrased as :

A sequence { fin } converges to f w -r - t . the metric
of ECX ) iff fn → f uniformly on X .

Hence
, closed subsets of ECX) are called

uniformly closed , and the closure of AE ECX ) ,
the uniform closure .

Thth.FI The metric defined above makes
ECX ) into a complete metric space .


