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MA 509~ REAL ANALYSTS -~ LECTURE 4

UNIFORM CONVERGENCE AND CONTINUTLTY

Thm. 7.4 Suppose -pn—na un'uFo'rmlj oh a set E in a
mebyic space - Let x be a limit point of £, andl
Suppose that {l_;r;\ —F,\H;}: A~ (nem).

Then {An"] converges, and lim ££) = lim An.
+ox N~ oo
In othex wovds, ) lira ’Fnc‘b) = lim Iim "Fn (+).
toat N0 N3oo £ >0

Proof: Let €0 be qiven. Since fnF uniformly.
FNem > m,nZ N, teE tmplies [ f ct)-fmet)[<E.

Let £+ > and use the fact bhat [im Fnct)= A
to conclude thab- [An-Aml 2e -%.?03: n, m 7, N
80 bhat {An} i$ a Cauchnj seqfuence_-So'r\cc we_
Corjcentvatbe on weal-ox Complex ~valued functonsg
{An'} converges, 60(%9'6'0 A

Nex 4,

[fety-a( 2 1Ly~ Fret) [+ [y ct)-Anl +:1An—ﬁr!
Stnee Fn > £ uniformiy on E, choose NneéMN >
L) —Fnct) [ £ teE, and cuch that—
[An-A| S Yo . “—

~—0

Ho\'\/1‘|’\3 choesen this N, choose nbhd V of = >
ifh ) =Anl 2 & it teVaE, tFa—.

[ P 3
( - _léf'f))’xfjcr\ﬁ'b"\ = An)



Substiburing @, ® &8 in B, we get-
Ifct)~Ac 2 ,provided teVOE, TF x.
= {(J'm F3) = A .

=

Thm. #'5 T4 ‘f'-Fr\'} 5 a Sequence of continuous Func -
+Hons on E, and If '-Fnﬁ‘)’p un:’rFo'rmIH on E, then
£ is cont'nuoue on E .

P(ooF: Led o¢ be any ?ein{r 0‘6 E. We ave 3:‘ver\
that £, o £ unTrFo'rm'«_.ft:\“ and M oreover, £n ie
continuous on E For exch ne M-

S lim £.) = Ay Cnem):
oL

Hen e +he fn«j othesote O»F the previous thm. a~xe meb
= lim lim L) = lim L:‘m A CH)

oo Neo NApoo tdA

= lim F) = lim £y = £00O) | s0 vhat £ i
+ < N—= o0

continuoue on A ¢ Since % was an a{bfb-'rqmj Fo?r\‘o—
of B we sec that f ic conbinuous on E -

The converse (& not- tvue [ That 'S, + a Seq of—
cont'nuous rFumaHom cpnve_qufmj +o0 oo centi'nuad g
rFur\cbfon, hat the conveszence is not uniform.

We have seen that- ML «pn('x) = HQ'DCCM'KL)'\ on Lo, ﬂ)
then each r-F,\ te cont?nuous on Lo, 17) "Fn'-)‘F,

whchre‘fﬁao on [o, I’]7 and hence ,obviousal
Contlnuous. But the convevgence s Not unifovm,



Then. % ¢ (Din''s ‘I:'F\Q,O"‘"CW\‘)

SuFPOSQ k ‘e compact anad

(',-) ’i’#ﬁ‘} & O Qﬁq’_b(enCQ of conb'nuous rCugnC'frr“On% OI\K'
U $ AT convexges poinbwite to & Continueus fFr\ fonk
G L (1) 7 Faar (0 Yore K& n e

Then an A uni'Fo»rmij on K.

Proof: et 9n F_qQ\,.F- Obv,'ougl% 9n i continuous,
4n—0 Po‘m-l:uol‘scp ana 3077 Gy

Claim - 30 -0 un?'Fo'fh")l'tf on K.

Let 276 be given. Let
Kp < {acek L anxﬁ’za}-
Then @, e continueus and K. is cloged. (l/\)@vt{ 3)
Inverae tmage of clogsed set  under a ont'nuous
map 14 closed  Since L& e0) i cloged, %0 is K,

as 9n (&8 conttnusus On 5 :
= Kp 8 compact (Why V)
Ka fe closed, Ky K wheve K (s campactk -

S nce. 9n 7 9w , |<nDKH'H . =) K ftlompacy.

Fix xelk. Since g9nac) >0 (poinbwiee) e

have xé¢kn ifnis suF'F:“c/“er\'bf:{ |Q'Tjt_\

= % Nk, s0 that Nka s emphy-

= Kn :C’P fovr come Ne M

Thus ¥ xefs and for all nem), we rust harve_

< gpcr N €.

=9, —o um?*(’lo'rmf:r on K. -



@dﬁn' Tr X is a metvic space %) denotes the

set of ail C.oMP(c x-\/amco!, con-Hr\uoug, éouhacol_—
funetiltone on X -

We assocrate with cach e ECx) ibs S upremun
nowm Il := sup |feool
e K

Since £ s bounded on X N < oo
Cfmhrlﬂ, Wfileo 1€ 'ch') o Y¥xe&X,i-e. —FEO.
TE b= ftg9, then

| heon [ £ \'-Fc'n'\{'-(-lﬁcx’)(s R A ”j'\( A2 eX
= llfrqfl < H{lllél’)jlh

‘Define +the distance between F, g e ECX) o be
”r{L-—QH. Then rPYom tine Qbave_) we see tha &
CCX) fs a metaric space -

Remavk .

Thue Thm: 7.2 can be 'fc-Pf—qued as

A seguence 1fnY converges to £ wovb- the metrie
Of TLX) Iff fn o £ uniformiy on X

Hence, closed Subsets of LX) ave catlied —
U-"\\'rFom'j Cfase&) and the clesuve 88 Ae EC,’)C')7
t+Hhe uniforrm ¢ loaune -

Th, 2.7 The medsic defined above makes
CCX’) nto a C,OMPIQ{?C re) ¢ e QchQ .



