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MA 509 - Real Analysis - Lecture 7
- -
-

* CAUCHY- SCHWARZ - BUNIAKOWSKI INEQUALITY
-

Thm- If a , .az, . . . . an and b , .bz
,
. . .

,
bn are complex

numbers
,
then

I aibil
'

' 4£19 'bit) - ①

Prod : Let I denote the sum .

Let A - Slagle , 13=21 bj 12, C= I ajbj .

If 13=0
. then clearly , bi , bz , . . - , bn all are Zero .

Hence ① clearly holds .

Now let B >O . Then

OE 21 Boy. - Cbj 12
= 2 (Baj - Cbj ) ( Baji - Cbj )

= B'Ela; R - BE 2ajbI - BCS ajbjtlcislbjl'

= 132A - Biche - Bgc 12-113142

= B ( AB - ICI ')



Dividing both sides by B, we are led to
AB - IC 1270 . The

EUCLIDEAN SPACES
-

Let k C- IN . Let 5h = ( Ni , Nz , . . . . Nie) ,
where x , , Nz, - - -

, Nk E IR i

-
coordinates of vector IT .

-

(fork > 1)
If a c- IR

, put

5C ty = ( x , + y , , Natya , r . .- , Nk + YK)
and art = Can, , anz , . . - - , dock) . hi EIR
Now if Rk={ T : I = (ki , Nz, - rink) , KEIN } isp
then Icty c- IRK ,# c- IRK .

^

⇒ Kkk is a vector space over IR (exercise)
-

where O ⇐ ( O
, 0,0g . - - , O ) .

-
K- tuple

Ininerprodut: I. g : = ¥2
,
Ney ,

Norm : Intl =
-

-
II. a = (EE

,

ni
' )" .

Rk with the above inner product and norm
is called euclidean K - space .

-



This Suppose I
, Yi , E C- IRK and AER .

Then :

(a) 1st 170 ' Il =T¥ni3 Ofsince Mizo ,
' Eisk )

( b) 1st 1=0 iff I = O
( c ) last I = ' all a- I 1291=14 Kinane, - - -sank It

2

(d) in - g- I

'
I 1st 1151

(e) inly l E 1st It If I
(f) 1st - El e in - g-It 1g - El

Proof : Cal
,
Cb)
,
cc, trivia# 14951.ae?!Ya7inteqy④

heat - if niyil-FE.IE
= I silly I

.

② lsttyl
'
= ( stty ) . cstty )
= a. at za- ist T 'T ) I amyl⇐ trap -1215cL - 'Flt ITT

. :
iasb

= ( int -11515 . ⇐
-beastsNow take sq - roots on both sides .

⑦ In ②
,
replace Z by I -5 and if by J- Eso

that
in-El - I -g)tcy -E) Is 1st - g- I -115 - El .

*

Remark : Ca)
,
Cb) and Cf) turn IRK into a metric

space .



Chapter 2 - BASIC TOPOLOGY
-

Function
-

:

a

B 2

soEEEDFP

if

I-
g

or

a

A B
①efn : Lef A and B be two sets . Suppose
that we associate to each element of A ,

one and only one element of B .

#

Then f
is said to be a function from A to B .

( denoted by f : A→ B ) .

Domain of f! Ie 't of all values of f , that is ,
{ fer ) : no A } is called the range or

co- domain of f .



EEA
• f-CE) = { fer) : see E } .

f-CE ) is the image of E under f .
⇒ FCA) is the range of f . Note that FCA) EB .

• Surjective function
f- issaidtobesur.ge#veiffCA3=B ,

that
is
,
to every element y EB, F see A 7 folky .

In this case
,
we sayfmapsaontoB.se

Let EE B . Then

f-
'
CE ) = { x EA : fca) E E } .

f- 'CE ) is called the inverse image of E
under f .

-

• Injectivefunction
f- is said to be injective cone- one) if for each
y C- B, f

- '
Cy) consists of at most one element

of A .

In other words
,
f is injective if

f- Cni ) # fans) whenever x. tens
,
where

Xi ,Nz EA .

•

Biiectivefunctioncl-icorrespondetff.is
said to be bijective , if it is injective

as well as surjective .

- f is also said to be a t - 1 mapping .



• If 2 sets A and B can be put in a l - I

correspondence,
then we say Btavethesane

Cardinals ( or A and B have same

cardinality ) and say An B( A equivalent to B) .
← A ~A C reflexive)
- A- B⇒ BNA ( symmetric)
- A - B & Brc ⇒ Arc e transitive)

Any relation with the above 3 properties
is called an

equivalencerelaf.io#Defn
. Let me IN and Tn : = { 1,2, . - ; n} .
Let J-- IN ( the set of all natural numbers)

For any set A, we say

(a) A is finite if AnTn for some n .

(b) A is infinite if A is not finite
(C) It is countable if A ~J -

(d) It is tenable if A is neither finite
nor countable

(e) A is at most countable if It is finite or
countable


