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D-efithbesets.supposethatwithe.ae#neementa of A there is associated a subset
of N

,
denoted by Ea .

The set whose elements are the sets Ea will
be denoted by {Ea 's .

Example : A -
- { x : x EIR

,
oases I } = ( O, I]

.

Fo KEA
,
let En = { y : y EIR, 02 yen }

= (O
,
N)

.

Then :

( in Eze C Ez Iff Oa n E ZE I n

dis U Ese = Ei -

R C- A

ciiil f) Ese = $ .

X C- A

Proof ofCiii ) : For every y > o, if secy , then y f- En .

Heiney et n En .

NEA

Then . 2.2 Let {En }
,

h EJ
,
be a sequence of

cble sets . Let S =
, ,

Em .
Then S is countable

.

( In particular, a countable union of countable
sets is countable.)

Proof : Let every set En be arranged in a seq.
{ Nnn } , K = 1,2, 3, . . . . Consider the infinite

array



" ' 3 N' 4 " - ' '/21 222 N23 Nzef . n n --31 2h32 Nzz 2h34 - ~ - -

Ha, 242 2h43 244 - - - i

r r - - - - r - - r - r - r r -

For each net
,
the elements of En form the

nth row . Note that the above array contains
all the elements of S .

Arrange the above elements in the sequence

Nil ; NZI , N1 2 I N 3 , y Nzz fly z ; 2h41 , 7h32, N23 , Nig 's . -- -

If any 2 of the sets En have elements in common
,

they will appear more than once in the
above sequence .

Hence there is a subset T of the set of natural
numbers such that Sat so that S is at most
countable -( by Then . 2. t ) .

But E
,
CS and E , is infinite ⇒ S is infinite .

⇒ S is countable .

Hi



Remark : A finite union of countable sets
-

is Co¥ -

C Suppose A is at most countable , and for
every a C- A , Ba is at most countable . Let

1-= U Ba .

4 C-A

Then T is at most countable .

In other words
,
an at most countable union of

at most countable sets is at most countable .

A

Proof : Note that T E U En from Them - 2.2 .

-

n= I Ey

Theo4 Let A be a countable set
,
and let Bn

be the set of all n - tuples Cai , . - r
,
an )

,
where are A,

if Ksn
, and the elements at

,
. - -

, an need not be
distinct . Then Bn is countable .

1¥ : ① B, is countable as B, = A .

② Suppose Bns, is countable ,
where n ET

,
n > I .

③ The elements of Bn can be written in the form
( b

,
a)
,
where be Bn

. .
and ac- A .

Now let b be fixed . Then

{(b. a ) : be Bm ,
fixed

,
AEA} ~ A ,

and hence countable.

Thus
, Bn is a countable union of countable sets

,

and hence
, by Thin . 2.2

,
is countable .

⇒ Bn is countable by induction Anew .

Et



cor-2.ae The set of all rational numbers is
countable .

Proof : Let in = 2 in Theorem 2- 4 and note that
( a
,
b) can be identified with a rational

V = ay ,

a
,
be 21 .

Them . 2. 6 Let A be the set of all sequences whose
elements are the digits o & l . Then A- is uncountable.

Proof : Let E EA be countable . Let E- { Si , Sz, Sz , - -- -} .
Note that each Si is a string consisting of o 's 21 's .
We construct a new sequence S as follows :

• If nth digit in Sn is 1
,
the nth digit of s is o

. If nth dig it in Sn is o, that in s is 1
.

So s f- Sn tf n C- IN . ( as it differs at at least
one place .)
⇒ s Ef E so that EE

,
A fire ; E is a proper

subset of A) .

Thus
, every countable subset of A is a proper

subset of A .

⇒ It is uncountable, for if A were countable
,

the above sentence would imply A EA,which
is absurd .

Remark : This process is called cantorsdiagon-aiga.io?



Cor . 2.7 IR is uncountable .

Proof : we assume that every real number has a

binary representation ( base 23 . Then the result
follows from the above theorem .

④

METRICSPACESDefn . A metric space X is a set such that with

any two elements p, q of X C called points ), there
is associated a real number dcp , q) ( called
the distance from p to q ) sit .

(a) dcp ,q) 70 if ptq & dcp
, p)
-
- o .

(b) dcp, = dcq, p)

( c ) dcp,q) E dcp , Ht der, gig for any REX .

( d is called the distance function or metric)
-
-

Eg :QR is a metric space .

② IRK C. Euclidean space) with the metric
d CE -g) = 15C -JI , ( x ,ye IRK ) .

③ Eek)
• Every subset of a metric space is a metric space .


