44 /2020

MA 509 - REAL ANALYSLS - LECTURE 9

Defn. let AR L) be sets Su.ppase, that with
ecach clement of of A thexe is associated o subsgel
of JL, dehotbed b\\.{ Eo( .

The et Whose elements aAwe the Sevs i ity
be denoted bfjf {E,(},

Exarople : A={2: xeR, ocxzi} = (0, 1],
For evony oce A, lek Ep =fy: yer o<y<xy
= (o,2).

Then ¢
(Y Ex CE, iff O<xz2<|.
(7 ) Ex= E, .
1EA
() B =¢,‘
e A .
Proof- of (i) :  Fov cvesy y>o, if o<y then wf—E,,(_~

Hence \jé N E, -
AEA

Thm. 2.2 Lt{—{En} r\e:)"7 Egoe o sequmence of
countable sets . et 5= U E, . Then S is Countab
Nz

(In pavticulay, a countable union of countablc
Sechs is countable.)

Prool : Leb cvony seb En be axvanged in a seq
%3, k=1,2,3,... . Considex the infinite
QWG\H



o P rr e o . .

For eachne T, the clements of En form the
nth voo: Nobe that the abowve aray conteadns
all bhe edements o6 S.

Awanﬂc +the above elements N Lhe sequence

Ky 5 Aoy, Ko 5 g, 5 Xy, Hyg; Xay, Ago 0(29,'7(;+§'**‘

T+ any 2 of the sebs Ep have elements in common
they will appeay Move than once in the
above Seguence -

Rence thewe (s a subsetsr T of the set Of natuva|
nurnbers suth that ST go Hhat S ie at Mos4
couhbakﬂc(b'd Thrm . 2. ().

But E,cS and E, s infintbe =3 S is infnite -

=5 5 is countable.
A



Remaak : A fnrte union of countable sete,
te _Countobie_

Cox-2:3 Suppose A ic at most countabie and $oy
eVevy AE A, B, is at moet cowdtabie . let

T:UBO(.

Then T is at mpsb countable.
In othexr wovde, an atmost countable union of-
ab mMosb countable sete is abmost countable .

00
Cyoof: Note thay T C (\U En f~orer Thra 22,
- =1 m

Theovern 224 Let A be a countable set and tet B,
be the set of all n-tuples (Qiyu,an), Wheve a e,
| €k4n, and the elemente Ay, -, A7 nced nob be
distinct: Then B, is countebie -

P~oo £ : @ B, is countablc asa By =A
Ouppose B, is countabie , wheve neJ, N>,
The elements of B, can be wwtben in the form
( b,a), wheve be B,, and aeA-:

Now letr b be fAxed: Then

-f(b,a): be B, fixed,aeA}l ~ A and henee countabr.
Thus, Bpn is a countaabic” union of countable seks,
aﬂa‘ "\en(c, b_‘] Thrm. 2.2 le Counteble.

= B, ie countablc b‘j induction ¥nem] .
N\



Cax-2:B The ot 0& all v~attonal numbevys s
countoble .
Pxoof : Leb n=2 in Theowem 2-4 and note that
(a,b) can be ‘dentified with @ vabtional
Y =4 a,be Z.
b’ N
Thm- 2.6  Let Abebhe seb of atl Sequences whose
clements ave bhe digits © & 1. Then A s uncoundabie.

Proof 1 Let E cA be countable - Let E={91,9,,9,,~7.
Note that each 3; s o S'h"fnﬂ C0h5‘15{:"n3 of p's 215,
We congtyucd a new sequence S as fo11e s =

- Tf n*"“d:‘q:‘i— ‘n Sn (s I, the nth a!ic]H: ofsic O
. TEL n‘b“oQ«‘c]H- N 8,18 0, that- in s is 1,

Bo s#sy, ¥nemMN: (as itdiffevs ab ableast
one place:)
= sé&E sothak E;:LA('L'{., E is A pyopex”
subeek of A).

Thus, every countable cubset of A is a propers
Subset ok A-
_% A s uncountabie, foxr 1£ A4 were countabre
the above senbenee wowtd Impiy A%Aowh?ch
o absuwd .
A
Remark @ This process s called Cantoxi diagonalixatiy
d AAro




Cor. 2.4 R is uncountable .
Pyoof : We assume that every wcal nurobey has a
bir\m:j vepresentat’on ( base 2). Then bhe welulb

foricws fvom the abeve bheorem.
&

METRIC SPACES

Defn. A metrie space X ig a st such that with
me oo elerments P, 9 of X (called pofr\{-!=)7"bhexe,
is associated a weal numbey d(p,q) (calted
the dietance fvom p to C{,) 31 -

(a) dcp,g) >0 if ptq & dipp-0.
(b)Y depg) = dq, p)
ce) dep,g) S Ap,N) + 4, q) for any e X

(d s called the distance Funcd'on ox mMepyrie )

Eﬂ -®|R 15 o metyic éPace .
B RS (Fuclidean %.Pw) ewr'th the metrne
d(x-g) = 1%-[ (xyeR:).
® r.x)

- F_'w:rs:cj subset of a mMmetn'e S'Pace, 18 a et Space



