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① a increases on [a
,
Is] .

,

a Eno 's b .

y is continuous at no.

for D= { I
,

if x = no
O
,
else

To prove : ① f- c- Rca )
⑦ ffd2=0

.

Proof : ① follows from Then - 6.7 ( of
-

the previous lecture)
③ fe Rca ) ⇒ ffda exists
& ffda = f fda = f- fda

Consider a partition P of Ea , b ] .

LLP,f , a) = ¥
,

in ; Idi
,

where

Mi = in ,ffcn7 =o for IE ish
.

ntcni-i.ME
"

⇒ LCP,f , a) = o

⇒ sup LCP , f. a ) = O
Pisa

.

partition
of Ca, b

⇒ f fda =0
⇒ ffda=0 . Ex



② f- 70 ,
f is continuous on [a

, b) .

& fabf du = O -

To prove : foes -- o K RE Ca , b) .

Preet : ( by contradiction )
Suppose F no E [9 , b] 7- f-Cmo) to ,

so f-Cmo) 70 .

S
,

i nee f is continuous on La
FS 78702 KE Ca, b ]

,
toe -no@ implies f-Cup feeds

'

-1*0
(This is because suppose A 870 F x E La , b] 2
Ix -notes but foul E fez .

Then

f- er) -f- Cno) E - fin) L O
s

⇒ lfcn) - fcnoy I = -Cfcn) -fend) > fond
2

But then this contradicts the fact that
f- is continuous at Ro ) -

Consider the interval I = Ca
,
b) n [ no - S

,
not

Then
,
of course

, I = [ C, d]
,
where as cadets .

Suppose c
,
d are elements of a partition P of

[a, b]
,
then . :f→o on Ca , b)

LCP
,
f) = In

,

Miami fnienfdgfen ) .
Cd - c )

3
,
final Cd -c ) > ox

from ④



Thus
, sup LCP, f) 70 - *⑦
(Pa partition
of a

, b)
But sup LCP, f) = fbafcnidnffabfcn) dm
- ( : f continuous ⇒

f- is Riemann integrable)
But fabfcnidn --o ( by hypothesis)
⇒ From *④Q**④

,

we have

050
, a contradiction .

⇒ fer) -0 tree [ a
,
b] .



③ f bounded real on [9 , b)
f-
'

ER on [a , b]
Does ft R ?
part I

Ans . Not
Take freak { I

,
see

n

- 1
,
Xe RI

.

UCP
,
f) = Z Miami

is ,
I

= ;§
,

ani C - i Mi=1 for every i)
= kn - Ko

similarly?
b - a

LCP
, f) = a -b .

⇒ fetish .

But flex) = I on La . b) & hence c- R
.

part 2

Sfppose f- 'ER .

Take ( x) = x'
'3
& then use Them . 6 - 8

with h = go f-
3

.
Then h=f .

⇒ FER
.



* Equality in Young 's inequality
Show that the equality in Young 's inequality
UV E UPI + It holds iff uP= ✓

9
.

q
Proof :
=

The equality clearly holds if u or V=o .

Now assume u
,
VI O

.

"

⇐
"

easy . So let UP-- VE .

Note that upItIq= V# + Iq) =
VE

So we are done if we show U -- VE ' .
Now uhh = ✓ Yp C from the hypotheses

= y
' - Yar

= ✓Ef
U'2- ray

⇒ Raising both sides to power q ,we have
at

U -- v

"
⇒
"

To prove this direction, we first prove the

following lemma :

Lenya : Let f : (O, a → IR be defined by
f-ex) = C - se'

- P ) + (p - t ) ( I - K)
,
where p> l.

Then f-Cx) =o Iff 2=1 .

Proffer.
.

f- 'ca) = - Cl - p) x-P e- (p - l )

Tp - 1) (n
-P
- D

f " cm) = - pep- 1) se
- P- I

so

So f has maximum at that r for which



f-
'

em) -- o . But this happens at a=L .

Thus f has a maximum at 2=1 .

But f- ( 17=0 .

So that means at any other point,fexKo.
⇒ few -_ o Tff x = 1

.

Now we prove the other direction .

UV -- + If = quptpvh
p q

= quit pre
- (

°

.

. It tq= I

ptq implies pq=ptq)
Multiplying both sides by ( ptg

Ptah = Eu
'

+ peri
T.ve ,

we have

U

⇒ ay -E
'

) =p CE
'
-

e)
⇒ Eu '

- i = Efi - MI) - *④
Note that u' = g7q+pq I ' : pteropod
= ¥pq, =

''' ''
= faut )

'-P
.

Thus
,
from *⑦ ,

-P
- i = - is ( i - tf )

T

(
r : Tottori ⇒ Pz=p-D



⇒ I - fuk
'

)
' -Pt ( p - n ft -VII ) =o

Thus is a root of the egg. I -n
' -Pt Cp- DCI-n)=o

.g-I
Then by the above lemma , If =L , that is,

✓
9- '
= u so that Uv -- yah .

But ur = upto -i Vez implies

T=upIeE⇒v4 '- th -

- YI
q o

⇒ e -

-
I

p p
⇒ up = VE

.

HE

⑥ Suppose 2 increases monotonically on
[a. b]

, g is continuous , and gene)= G' en ) for
a ENE b . Prove that

fab acm gens du = Gcb) 2C b) - Gea ) Aca) - fabgda.
Proof : -
W - l - g. , let g be real . Let P = { no , Ni , see , - - -

,
Mn}

be a partition of Ca , b ) , where No -_a&Un=b .

Since G is differentiable (and hence continuous)
on [a , b]

,
by mean xalue theorem

,
F t; C- (Ni- i , ni ) Z

G
'

Cti ) = Gcni ) - G Cni- i )
Xi - ni- t

Since G
'

Eg
,
this gives get;) ani -- Genii -Gini . .).
-④



Claim : II
,

a Cni ) g Cti)an; = GC b) acts) - GCa) deal
- Gcn :-Dadi .

To that end
,

note that
, using ⑧,

¥2
,

demi ) get ,-72mi = ¥
,

denis (Genis- Gen
.;D

=

Yeni , Genii denim ) G ( nil

h - I
= a Cnn) G Cra t I@nii- denial ) Gini )
- 4cm . ) Geno) i-

-i
n- I

= Gcb) 2C b) - G Ca) deal) t I ca (x ;) - denim ) ) G Cni)
- Kcmo)- 2cm , ) ) G Cao )

'
"
- o

= Gcb) Acb) - Gc a) 4cal - Gcn is 22¥ ,

= G ( b) - 2C b) - G ca) 2cal - ,€
,

Genie, lad; .

This proves the claim .

b

Next
,
note that f G da exists since G iscontinuouson [a , b)

a

(being differentiable on [a, b])
and 4 is monotonic on [a , b] .
given an E > 0,

Thus
,
we can sufficiently refine the partition p

to g'et a partition p* satisfying
Ucp*

,
G
,
a ) - L ( P*, G , Ms E .



Thus from Then . G - 4
,n

II Gini-Dadi - f! G da I see,i =p

in particular,

i
Gini -ha ai > -ee f!G da

⇒ Ennui , get itani
-⑦

< Gcb> acts) - Gea) Aca) - fab G da t E
Hence

,

LCP,ag3=.£
,

Miami (where mi-ninfni.f.n.jo gem)
E

,

act:) get :) Ini

From
if 4mi ) 9 Gilani ( : a increases }⑤monotonically on [a

, b)
① & ③

,

in part- on cnn.mil, we hm ,
a Cti ) E Leni ) )⇒ LCP

,
ag) < Gcb) acb)- Gea) deal - Jaba date

Taking supremum over all partitions P of Ca ,b7,
we see that f.abacus gens does Gcb) acts ) - Gea) aca ) -

- Saba date .

-①
Also

, note that

GC b) acb) - G Cal deal - fab G da
= II

,

a Cni ) gets an
'

.



=

,

denis gcais ani - ¥
,

demi) ( get ;) - get. -Dani
+ Seth? -iii.gmgen 's

⇐ €
,

M :* Ini + e ( using continuity of
= UCP

,
a g) + e

S O " Ca , b] )

Taking infinitum on both sides
,
we see that

Gcb> acts) - G caracal - Sabado - E E Jabacnigenndse
-②

Next
,
we prove the claim .

Claire age R on Ca, b] .

Note that x is monotonically increasing on [aid
Hence by corollary to Them . 4.18

,
9 cannot have

discontinuities of the second kind .

Hence its only discontinuities are of the first
kind

,
i- e ; jumps .

being monotonic on carb]
Also

, by Then . 4 - 19,2N has at most countably
many discontinuities on [a. b] , hence 2g also
has at most countably many discontinuities .

But a function with at most countably many
discontinuities is Riemann integrable .

Hence fabacxigcmdse-fabkcselgcmdn-fabacmgenndn.JO



⇒ From ①
,
② &③

,

- EE fabacnigcnidn - (GCbsa Cb ) -GCatala) -fabGda)
E E

,

that is
,

I fabacnigen ) da - (Gc b)acts) - Gcakeal - fabgda ) )
E E

Since E is arbitrary
,

we see that

Saba en ) gem du = G (b) acts) - G Cala ca) - fabGda .

*
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