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MA 509 - Tutorial 5 Solutions (20207
-

① K = L ht : NEIN 30403 .

Show: K is compact ( directly from defn .)

→ b l
.Proof :
#

↳ ;µ net . . - - -

' i '

Eigg{In : MEIN
,
MZ " }

② { Ka} compact sets with f. i. p . Cinfienrietetion
⇒ haka to .

Property)

CoE. fkn??
,

compact knokne.tt new
⇒ n kn -14

.
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Given themetric space 112, give counter
-examples to

the above result if compact is replaced byclosed or bold
.

(1)
"

Compact
' '

replaced by
"
bounded

"
:

- -

⑨ An = [ In , kn] 1903 or ( it
,

'a) 1903
A

n An =pD=,

③ An = Cont )
o en et

se IO n x - I
x. Stn af (o, en)
-



④ Let see ( o , e)
.

(done previously
Then for every such n , } from notes

•
Er = @ , x) .

A Eu = $ .

se

(⇒
"

compact
"

replaced by
" closed " :

An = ETT
, a) , NIN

X >O n > N

* not Sn
,
no)

n An -_ f .
N -- I

(3) Consider the metric space with
dcp, g)= I p- q1 , for any p, CLE IR .

Let An a- { peg" : T2 - fa ape Jeff}
for each n E IN .

By prob - 3 of this tutorial
,
each An is

closed in .

Also
,
An 3 Ant , tf n E IN .

Hower An = fo since T2 of .



③ Q metric space with dcp, g) = Ip - ql .

E = { PE : 2 - pks} .

Show : . E is closed & boundedbut not compact.-

. Is E open in ?
Proof : cis claim : E is closed

.
in

.

-

we show that Ec is open in
Note that
Ec = E

,
U Ezo Ez ,

where

E
,
= { PE : - - sp e - Fs }

Ee =L pie e - 52 apet }
Ez =L P E Q : Fs e p < or } .(gbgecause.tt rational number whose square
2 Or 3) .

Each of E
, ,
Ez

,
Ez can be written in the

form G n
,

where G is open in X .

for example E ,
= C - no

,
-53) n

.

-

open internal ink .& so on
.

-

in

⇒ Ec is open,
⇒ E is closed in .

disclaim is bold in .
since - 2 < p - 2

.



•

Claim .

-

④7 E is not compact .

1stmethod .

-
In any metric space , the following two
statements are equivalent :

• E is compact
• Every infinite subset of E has a
limit point in E .

Note that -if we takes to be a subset
of E consisting of rationals bending to Fg .
= I

then the limit point=§pe ④ e. 2<1023} 53 of E
⇒ E is not compact -

2nd method : Construct an open cover which doesn'thave Hibsub cover . For example ,
Un = { p : 2215<3 - In } ,

n E IN
, 1722

or Un = { p : 2 the pts 3} , n C- EN
,
1732

Show in each case that Un is open in
for eachn GN

,
n>2

.

Then show that ff finite
subcover of { On} .

* Note that E is open in for
E = CG n ,

where

G : = C - 53
,
- J2) UCA

,
53 ) is an

open set in 112
.


