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MA 509 - Tutorial 6 Solutions (2020)
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① Are closures and interiors of connected sets

always connected ?
A seatis said to be connected if U= AUB ,

and Aff
, Beto , then either An B tf or

Antsto

① The closures of connected sets at always
connected .

Note that HW I prob . 2cal
,
I = #UF .

We have A' fol
,
5¥01 since A Flo

,
BIG

.

Also En B- = An B = # h ( BVB
' )

= NB ) u C # NB' )-①
Similarly

,
# nE = Can B) U( A'nB ) -③

Since at least one of AnB or An B is
non -empty, it follows from ①

& ② that
T - AUB is connected .

② Interior of a connected set may not be connected
-
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S = AU BU IR . Then int =3 is
not connected

.

② ,
B closed sets off
AnD= § .

Show that A & B are separated .

A -

- I
,
13=5

AIB = A n B =§ = A n B-Ah B-
- -

⑤ A
, B disjoint open setsof X
Ah 13=4

.

Then A and B are separated .

Assume that they are not separated .

W- l - g. , say x. c- A-NB
Now if x c- A then →← KEA NB =¢

.if NEA'
,
x is a limit point of A i

⇒ every nbhd of x intersects A in a point
other than n .

Since B is open, F nbhd U of x t UCB .

But this nbhd U of a intersects A in a point
other than a , say y .

Then y EANB = ¢
→←

.



⑤ Fix PEX, 870 .

A -

- { qex : dcp, as }
B= { qex : dcp,q) > 8 }
prove that A & B are separated .
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follows
/
I \ from

/ I part⑤ .

⑨ Every connected mesp¥e with at least 2-
points is uncountable

Let Xi
, Dez C- A ,

where A is a connected
metric space .
⇒ de se , nd - O .

Consider { doc . . x) : KELIBerg
If it contains all distances from o to

den , and
,
then there are uncountable many

points .



Suppose oscsdcxi.nu I c is not the
distance from se , of any point in A .

Then consider P= { KEA : den , >nice}
g = { see- A : denn

,
x) > c}

Then from part ② , P&G are
separated . Also A -_ PUG .

since this implies that A- is
not connected

. I
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