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MA 631 - SPECIAL FUNCTIONS- Lec . 11

Thm
• Riemann 5 functional equation for fcs) : Foralls c- ¢

1T£ 1-(E) t.es) = it
"#
1T¥ )3C1 - s)

'

Proof : For Recs) >0
,

a

1-(E) = f e- t +E- '
dt
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Let 1- = Fitr so that dt = n'* dse
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Let Rees) > 1
. Then
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interchange of theI e-
time )x£ -1dm ( order of summation

-

- I
& integration

justified by absolute & uniform convergence)
or

= f wenn se
? -1dm
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-⑨
0

where went = § e-
Rite

,

n= ,

we note the transformation formula for
OCR) = § e-

tfm
( theta function) :

A = - a

② (x
- 1) = Foe 0cm ) for x > o

(This relation can be proved using the
Poisson summation formula?
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⇒ w(⇒ = -1-2 + tgfn + Fnwcxl
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From Cal
,
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'
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+ § were) (n?- ' + a-£ -£ ) dn
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⇒ For Recs] > 1
,

-

it
-

£72791s) = -Is -1£
,
+ f.won (n£'+ñ÷÷n

a

=¥, -1 f. were) ( x£
- '
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-

1) are
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The integral
a

f. were) ( x£
- '
+ a-£

-£ ) da is an entire

function of s because

claim : were) = 0( e-
'TN

) as x-p
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(Proof of the claim :) Let se> I
•
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<

-
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From ② & ⑨
,

for Recs? > 1
,
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2
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*
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⇒fiancé-4m¥:) du
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,



This gives . analytic continuation of
E. is in ¢121}

.

Also from ) RHS is unchanged
if we replace s by 1 -s

-

This proves the functional eqn .

Remark )From ⑨
,
we readily see

that T.CO) =-0£ .

② IC - 1) = -¥ ( check using
funct .

eqn
- )


