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MA 631 - SPECIAL FUNCTIONS- Lec . 15

Remark : The above argument for the convergence
of zfi ( azb ; e) works exactly the same for

21=1 (
a b.

c
,
Z) ,

where 12-1=1 .

Gauss ' representation for 21=1 ( a ,b;c ; e)
Thin -4,2

21=1 ( acts ; 1) = 1-(C) Tcc - a-b)
TCC -a) Tcc- b)

'

whenever Recc -a -b) 70 ,
Re (c) > Re (a) > 0
Re (c) > Rec b) > 0

Proof : From last lecture
,
we see that

zfi ( acts ; 1) converges when Recc-a - b) 70
.

By Then . 4.1
,
for Re cc) > Recb) 70

,

I
-a21=1 ( Eb ;z) → ftb-111 - ti

- b-'

Ci - tz ) dir
0

Let 2-→ 1 so that

c-b-I1in 2Fi( acts ;z)=# ¥7 /
"

tb- ' CI - t) ( 1- tzjado2-→ 1 Tcb) 1-( c-b) o

⇒of '( acb ; e) =,_e→, f.
'

tb - ' ( i - ti
- a-b- '

da



= tcbtcc - a-b)
TYTDTCC -155 Tcc - a)

= IT TCC - a- b)
1-G-a) 1-( C- b)

.

Hypergeometric differential equation
1)

Let 0 be the differential operator defined by
D= 2- d-

dz
'

Forego , O zM= 2- dqzz.tl = 2- (µzM
- '

)=µzM
.

Also
,

② (Otc - e) z^
= 0 [ OCZ

"

) -1 @ - 1) 2-
^ ]

= ② [ nz " -1¢ - 1) z
" ]

= ① +c- 170ft
"

)
= n(n -1C -1) zn

⇒ 010 -1C -1121=1 (a ,b;c;z)
a

=

I
n=.

010 -1C - been ,

= § ncnrtc - 1) (a) nCb7n 2-
n

n=o (C) n n !



= § ncntc - 1) (a) nCb7n 2-
n

a- I (C) n n !
-

= ¥
,
* e- "*

A -

"

E. ' cnet.tl

= 2- E.EE#?;-Ca+nxb+n3z-.)
Now @ +a) (Otb)fÉ )
= @ +a) [ nzntbz

'

]
= @ + b)@ +a) (2-

^

)
= ( n -1 b) (Arta ) Z

"

⇒ O(Otc - 1) <Fifa , bse ; 2- )
or

=

zJCatnCb7n@ta1Cdtb7fztl7n-oFnl-i4OtaKOth7eEifa.b
:c ; 7)

⇒ O(Otc- 1)zF , ( a ,b;c;z )
= z@ tall@+b) zF,( a ,b;c ; 2) .


