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MA 631 - SPECIAL FUNCTIONS- Lec - 16

We know that <Fifa ,b;c ; 2-7 satisfies the DE

OCOtc-i1zFifagbjcjz7-z@ta1lOttDzFiCa.b ;c;2-)-④

Traditional form : ( F :=2F, )
LHS = 010 -1C - e) F
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= 2- @+a) ( 2- F' + b F)
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"
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'
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Thus zfifa , b :c : Z ) is a solution of the
differential equation µ-⑦*

day
2-Ctzdzz -1¢ - catb -1172)ddy_z - aby --0
Hypergeometric differential eqn ( ITDE )



We now show that z
' - '

G
,
where G is again

a hypergeometric function , is also a son of
the HDE -

Let 1-1--2-1
-CG .

Then
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Now consider
010+1 - c) G
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'
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' )
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From ① & ②
,

⑤ (Otc - i ) ( z'
- 'G) = z ' - '

@+ 1- c) 0 (G)
- ③



Also
,

2- @ + a) (Ot b)¢
' - '
G)

= 2-2
- c
( Ota -11 - c)(Otb-11 - c) G -④

From ⑦
,
③ &④

,

010+1 -c) G =Z@ +a- c-11 ) (Ot b-c -11kg

⇒ 010+4 - c)- 1) G = 2- (Ot a-c + e) ( 0-1 b-c -1179
-⑤From 0 (Otc- 1)zF , (a) b ;c;z)

= z(Ota 110-1b) zF,( a ,b;c ; 2)

⑤ is a reparametrization of NDE in
of which zF , ( a-c -11 , b- c -11 ; z) is a solution .

2- C

Thus
,
in addition to 2Fi(a ,b :c ; 2-7

,

the second
solution of ⑦ or *⑦ is z

' -

{ Fifa -C -11 , b - e -11 ;z)2- C

The general solution is .

Rafi ( acts ;z ) + g z
' - '
zFifa - c -11 , b - e -11 ;z)2 - C

,

where P and Q are independent of 2- 1
.

Applications : ⑤
①with the help of HDE, we can express on
hypergeometric function with arguments 1-2-
or Yz in terms of functions with argument 2- .



Let us introduce a new variable 2-1=1 - Z
in the HDE 2-( I - E) F

"

-1 @ - catbill7) F
'
- abF=o?

Since 2- = 1--2-1
,

dtd-z.dz?--i---F'.d-z1--dFA1sod2Fd-zr--dd-zfdd-E.)=dd-z
,
1- F' I

= dgz( - F) . ddIz , = F
"

.

⇒ The given HDE becomes

2-
'
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*
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'
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Hence a solution is zFi( a b

9+6+1 - e
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→
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,
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Rea -ath-btc-4770
Recc - a - b)

- ⑧



Finding P & Q :

Let Recc)< I & Recc - a - b) 70 .

Let 7=0 in ⑧ . Then

.÷TaIE¥
"

a-its -11 - c
' 1) =P - Fifa? :o) -1 ( o )

Gauss
'

⇒ P=zF , ( a
b formula

a-its -11 - c
' 1) µFi( EB ; 1)=p,a+b+ , , , ,, , - a , =p, , , ,y ,- a.p1-(b - c -117 Ma -c -11 ) .

TCC -A) 1- (C- B)
forpnecc- A - B) 70

Tutorial problem :

Prove that

Q= Tcc-1)T( atb-11-4
-

1-(a) Tcb)
-


