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MA 631 - SPECIAL FUNCTIONS- Lec . 17

21=1 ( a
b

9+10+1 - c
's 1- 7)

= Rafi ( acts ;z ) + Q 2-
' - '
21=1 (a - e -11 , b - e -11 ;z),where 2 - c

p= Flatts -11 - c) 1- ( I -c)

Tcb - c + e) Ma , , , ,
,

=
"c-1)Matts-11 - c)
-

1-(a) Tcb)

for Recc-9- b)> 0 & Rec c) < 1
.

By analytic continuation in parameters a ,b&c,
we can now relax the above restrictions ,

In the above formula
, replace z by 1 - Z and

C by atb -11 - C . This results in

21=1 ( acts ; 2- )
Thk

-⑦
c-a - b

= A 21=1 ( a b
a-ib-ii.ci 1- 7) + BZ zF , ( C - b , c- a ; 1- z)He - a- b

where
,

A- =
,

D= Matt-4171 & large - soil
1-(a) IT b) < it .

Application : When If 2-< 1
,
then the series defn .

of 2F , ca , b :c ; 2-7 is not convergent fast enough
as far as nunneries is concerned

.

In this case
,
⑦ is helpful since 0<1 - 2- < Yz .



¥41 ( Pfaff ) Leth c- It , Then

21=1 (
- ^

,
b

;z)=n.zFi(- n , b
c (c) n b -11 - n - e

" l - Z)
Proof : Let a = - n in Them . 4.4 .

Observe that ¥, , = o ,
hence 13=0 .

Therefore ,

21=11-1 " :H= " f" b

-ntb-11- c

" "}
=

•Fil
-

b? ;¥e : '-4
.

Cor . (4-6) (Chu - Vandcrenonde ) Let n e- 2/-1
.

afifnzb ; 1)
=

42b¥
1st
Proof : Put 2- = 1 in Cor - 4.4

,

2
"dproof : By Gauss

'
formula

,

afifn :b : D=
b)

=

rc→+n=%I÷ .

1- (Ctn ) Tcc- b)



Then
,
4.6 For

,
man,k c- 2/-1 ,

£1:) a) = (
""' )k

h = 0

Proof : Both the sides are counting the
number of ways of choosing K objects out
of men objects . On the left

,
this is done

by considering 2 groups of the Mtn objects
,

one consisting in & other of n . Then we

choose h objects out of m objects and hence
we have k - h objects left to be chosen out of
n ones

,

where 0€ he k . This establishes the
formula .

Some more transformations

25 ( acts ; E) = C. c- 2-5%5 , ( a , a - c -11 ; ¥)a - b -11

+ ☐ c- 2-51021=1 ( b, b- e -11 ; ¥ )
,

b- a -11
where c= &☐=I→

ITa) Tcc - b)
'

valid for large -2-71 < IT .

Application : It allows us to use the series

representation in 12-1>1
.

This is use for

calculating asymptotic behavior of 21=119 ,
b ;c;2-)

as 2-→ • .



Remark : For 11-21<1
,
large I - Z) / Get

,

21=1 ( a b. a) -a+b .
-

"a# §.EE?fIn-Cnci-zi?Mal Tcb)
where

↳ = 24cm -11 ) - 419-1177 - 4lb-1m ) - Incl - Z) .

Asymptotic expansion
Def . Let F be a function of a real or
2

complex variable 2- . Let £ akz
- k denotea

k=o

Convergent or divergent) formal power series,
of which the first n terms we denote by Sncz)-
Let Rne 2) = Fct ) - Sncz) , that is,

1--12-7=90+4-+1-2 -19-3-51 . - - +1¥ , 1- Rnc ,

17=0, 1,2>3 , - - - - . (when n=o, 1=(2-7--12012-7)
Assume that for each 17=0

,
1,2, - - - r

,

th-

following relation holds :
Rnc2-7=0 ( 2-

-^ ) as 2-→g-
in

some unbounded domain d. Then Sak z
-k

k=o

is called an asymptotic expansion of Fcz) &
is denoted by

•

F- ( Z) ~ Janz
- ^

,
2- → * ,

2-04
.

17=0



Problem : Find asymptotic expansion of
Scm := fire,+£÷g,+•, as ✗ → •

^

a

= [÷+(Ht)
"? E. f%¥.¥g,- Cittitdt

-0
• 513

=
- 3- + 3. {fa÷•pf+tF?•§]+z¥⇐?pdt]]20C

✗ 0 0

=
-3- - 32
be ¥2

+ ?÷f¥¥,"}dt .

Iterating this process, we seethat
as ✗→ •

.

son - - s.ES?:::i::-.nxn
.


