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o< a < 1
,
when n=o & for 0<-211 when

n > 0
,
we have

Bzn-1,04=2 C- 1)
""
can -117 ! § sin (21T km)

1<=1É

(ii ) For 0 ERE 1 and n > 0
,

Bzncx ) = 2 C- 17^+1 ( 2n ) I J cos cat knl
•

,
?=

, ¥kK^ .

Proof : : For pointwise convergence of the
Fourier series of a function f

,
we need

the function to be continuously diff . on the

interval and it should agree at the end

paints -

In the case of Bncse)
,
of course

,
its cont

.

diff - on [0,1 ] ( since its a polynomial ) ,
and it agrees at the end points ( except
when e-1)because
1stproof : Bnei ) = C- 1)

"

Bn ( from Then 3 (in)
⇒ Ben (1) = Ban
& Bzn+ ,

(e) = C- 17^+1 Ban -1 , = - Ban -11=0
(form > 0 ) ( from Them -37 .



⇒ Bnei ) = Bnco>Corn > 1)

( Note : B
,
Cx) = se - Iz

⇒ B. (1) = £ -1--1-2--13, )
reproof : Note that §Bnen7dn=o Knew

.

⇒ • = f' Bncnndse = n÷§dd_nBnmMdR
0

T¥,[ Brunch - Brien]
.

⇒ Bni
, (1) =Bn+ , Co2 know ,

*

Hence B
,
ex)= I am

,
,,
efitikse

]

k=
- or

where an,k
= ftp.neme-211-ikndse

0

Casf : n=o : Then Benin)= Book)=l
.

Hence if K=o
,

then

aoio = f.
'
dse = 1

. - Ci )



But if K -40
,
then

a.* = sie-⇐"- dn=[EI?÷]
'

- e-
21-11^140) 0

= e→t⇒ = 0
,
- Cii )

Casey : ^ -1-0 ⇒ n > 0

If k=0
,

then
,

an ,o = f Bnen) du 70 ( fromThem . 3)
.

0

If K -1--0 ,

97k = [Bneme-atikndze-IB.IE?Iik7o-f.(ddzBnem)e-*i""
-2¥

dm

=

BII.at?n--sEikf.1nBn-,eme-*iMdn
⇒ at ,k=Bi¥? ' -12¥, f.

'

e-
"""Mdm



=

(1-2)-(-1-2) =

2¥
,
-IiisIi

For n > 1
,

an,k= 0 +

zfi-kan-isk-C.fi/aYncn-1)an--z,k--GEikPncn-ncn-2) an -3
,
k

= :
=⇒" /

ncn -17 - - - . ( n - en -23 ) q
,
k

= - '

n ! .
±
21T ik.

=
- (z÷Ñn ! = - C- is

"

Finn !
Hence for n > I & k -1-0

,

• - Civ ) .

an

,k=-¥_÷!.m
, - e-ipm-1-I-ie.im

•

.

= :'-(→3m = ÷ c- e)
n-1^12



Hence

C- 1)
"£+1m !

,
if n> I & evenan ,k= { É- ic-I.IT?;n!-,ifnzi&odd

( 1
,
n=o&k=o

0
,
n=o

, kto

Hence
*

B
,
CX) = I q , , µ

efltiks
K= - y

k -1-0
*

=

I ¥,-gÉikz
k= - a

= _÷£¥i÷+é÷÷)K- l

=¥?E
.

T



⇒ x -1-2 = - § sincoitksel

k=
,
¥ .

for
( ossein )

For n > 1
,
never :

•Brent
I n !.ee#k~k--
- a

K -1-0

=

← 15/2+1 nl § e27ikR
← k= - a KT

%
1- to

=

{ 5¥"
k= , ¥

* e→ikz
¥}

=c→^?÷ § (Etim + e-2*1-7
kik

= . E. •÷÷ .

⇒
a

Bzncx ) = 2C - 1)
""

can ) ! §
,

cos cat knl

4T¥



- For n > 1
,
n odd :

B.in -- I - iG¥;÷éti"-
K = - w

k -1-0

= - i § eatin
k = - •
É

te -1-0

=

- i C- 1)
"¥ n I

+ e-
21TIKR

← I
"

⇒, )
K =/

=
- " I

µ , , '
'Tithe
- e-2eTikn)
K"

= 2C - 1T¥ n ! § sin czitkse)

K = I ¥3m .

⇒
a

Ban-1,04--2 c-"
""
can -1" ! § , sina.I.FI??--,

☒



Chapter 2 - The Gamma function
Motivation :

I -121-3-1 . - - - 1- n = ncn -11 ) ( c- IN)=

But ncn¥ makes sense for any heir
(well -defined ) - ( or

,
for that

matter
,
for any
nee ) .

Question : Can we extend

f. 2.3 - - - - n = n ! to real values of
a µ ,
for thatmatter

, complex values of n) 9
L

Euler found that
•

f. e-
"
x
"
doe = n t form c- in

.

•

a

Note that f. e-
✗ of-1dm converges

as long as Rees) > 0
.

(see John B . Conway 's
'

Functions of one
complex variables p - 180 -182)



D-ef.MS?--f?e-xxs-'dsefRecs7-o)
(originally , Euler showed

n !=fd←1nnTdn)
⇒ ten -117 - n !


