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MA 631 - Special Functions - Lee . 5

Euler 's summation formula

Thins Let the function f :[On ☐ → ① have
K continuous derivatives for KGIN Ufo} . Then

for K2 1
,
we have

K

fell = flfcxidx +§
,

c -'÷,Bi_ ( f- "Y ', , - fci - Yo ,)0

+ Rk
,

where I

Rk = (
'

f. f-
' K'
cod Bacon doe .

PrIf : ( By induction on K)

( is when k= 1
,
we have to show

fcl ) = ftfcnsdx + - B
, ( fci ) -f-107)

0

+ { f- 'em Bick? else
,

0
or in other words :

{ f- 'CNB ,
Cmdr = -flfenndx + If f-(e) + f- 107 )

.
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Performing integration by parts , we have

t.fi on BRM dnt
,

= [B , context]
'
- f Bicxfcndse

0 I
= B

,
CMfc 1) - Bicofco) - f

,

( se - ist
'

foes are
= (x- E) 1. f-a) - ( -E) f-107 - f! fend-

x=/

=

lzffcitfc 07 ) - f) f-CMDR .

.

( I ] Assume it is true for k=m , say .

Ciii ) Show that the following is true for k=m-11 :

m -11

ten =/food + §
,

c -i÷,Bi_ ( f "-1, , - fi - Yo ,)0

+ Ron -11
,

where Ron , = f)f- ' "" toes Bm+
,
Cmdr

.
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= ten - Rm +

c-y.mn??,-;.-i(f'7n-f'7oD
+ Rm-11 .

Hence we have to show

Rm+ , -Rm=i÷;→( f-"%) - f"7°D .

Lag = C-1Ñ§
'

f-
""" 1×7 Bm + , (a) du -
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/
"
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f

= { Comment"7nB
'
- f Bm%mf"ñ3dn}0 0

- C-17m¥
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'
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=

,
Bm+ , ( f-

""

en - fences )

( :
'

Bmx ,
(1) = Bmx , (07 for m> o)

This proves the required result .

'

• The above formula can be generalized to the
interval [j - 1

, j ] :

j k •

fcj ) = ffcnidn-J.fi?Y.Bi-(fci-
"

( j ) - f
'

j - i 1=1

+ Rk
,

- (A)
where

f f'
"

e) BIN dx ,a. =

where
B~k = 13kcal

,
01×91

,

B~kcx-il-B.in)
,
Knope

.

-(B)

Summing (A) over 1£ j a- n gives

Éfcj ) - fifers dnt £-11:B ; (f" - f-
"Yo,)j=f

in it
+ f-

""
em Bien du (using (B)) .



Special case when k=l :
n n

Ifcj > = ffenndx + £ ( fem - fco )) -④5- I °

n
+ f f ' (a) BT Cn) else

.

0

Existence of Euler's constant :
D: = lien

n→• ( ' + I -15-1 . - - + ÷ - login)
20-577 - - -

.

Let for? = £+7 ^

Replace n by n - l in ④ so that

É
÷ ,

=É÷dn+£(÷ - e)
- g
""BTCN doe
o
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⇒ I -1£ -1 § -1 - - . -1 f-
=

Cogently
" "

-1 # + £ - §
-'
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=1•gn+¥+ :-[
'

ñI÷I
⇒ 1+12+5-1 . . - + f- - logn

""

Bien du - (C)=

# + I - S
. ~

Now take lion on PEAS
n→

•

Iim RHS = Iz - f Birendran→-
• In i.provided

a

f Birch da converges .
•¥2

Note that 13,04=2 - Ya .
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⇒ I E. exit a- Ya
.

•

⇒ f BT CNda
*

•

•⇒a ¥¥÷, - = →if
= 0 1-£ =£

.•

⇒ f.BE:2?I- converges .

From (C)
,
we deduce that

Iim ( 1 + It tg -1 . . + f- - log A) exists .n→a


