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Gamma function is defined for Rect > 0 by
a

1-(7) : = f. e- ttt
- '
dt .

Lemma 6 Let 5- { 2- : as Recross A }
,

where
→ As * .

⑨ Foo every E > 0 , 78 > o D- V- 2- c- S
,

If e- + it- ' dt / < e
,

✗

whenever o< asps 8 .

⑤ For every e> O, F a 1-2>0 D- toes
,

/ f) e-tt
" 'd t / < e ,

whenever p >a > he

Proof : Let oats 1
.
For 2- c- S, we have

Fett =/ E- - ' / ⇐ Ita -11=8-1
⇒ 1 e-

t +2--1 I ⇐ +
Rect) - l

± ta
- 1

.

(
'

: e-
+
£1

,

since oats 1)



For 0924pct ,

⇒ µ e-ttt
- '

dtf £ e-
1- E- '

Idt
a

a- feta- 'dt = [ taje = pa - ✗a
a -a

a
a-

If 870
,
choose S

, 0<821,5 . 1- .

pa_÷< e for ta - pl < S

⇒ I f) e-t.tt- '

dbl s e for • < aspens .

⑤ V- 2- c-S
,
we have / tt-1 Is 1-

A- '
forty !

Note that TA - '
e-
the

is continuous on [ 1.a)
Also lien FA

- l
e-+12 = 0

.b- → •

Hence Faconstantc D-

1¥- ' e- 421£ a V- b-71
.

Hence / e- ttZ
- ' l s c e-42

V- 2- c-S & b-71
,

If p > a >
1
,
then

I / Petit - '
at / I f) c e-that

a



= a. [e-He]? =
- zc( e- Pk - e-%)

⇐ .

Now use continuity of -2C e-
b-
on [ 1

,
a) b-

see that
, given e>o, FK

> I D- Kp>a > th ,
- 2c(e-

Pk
- e-
"2) < E .

⇒ I f) étt"dt| < e. for p> a >E.
☒

*

Proving that the integral f. e-ttt
- '
It

,

Reeth;
is uniformly convergent on compact subsets
of Retz) > 0 :
• m M

f.e-
+E- '

do = fe-ttZ-ldt-fe.tt
"- '

do

0

2T¥+ féttt
- '
dt
( cont -for - on a

M
compact set

[m.my

n

fncz ) := f e-+ +2--1 do
show that

yn

{fnez.it is Cauchy .

9=1



in > n ⇒ Ins - L
m

1m In •nn•m

If (7) - f.net/--/fe-ttZ-1dt-fe-ttZ-'dt/on

Ym
m

Yn

is
"
e- t.tt

- 'dt
- f e-ttt

- '
D8 /

Ym n

t e
.

Use the fact that the space of all
analytic functions on Belt is complete .

70

⇒ { f-not} converges & it converges b-
• n =p

§ e-tfrttdt converges -
•

This also tells us that f e-+¥ 'db-
is continuous fn . of 2- .

°

¥I;;*_ Let t be a real ✗ariable ranging over
-e or infinite interval ( a

,
b)
,
and Z be a

complex variable over a domain v2 . Assume

that the function f- :(I. ✗ la, b) )→ ¢
satisfies the following conditions :

① f is a continuous function of both the ✗ari ables .
② For each fixed value of t

,
f-C ; f) is a holomorphic



function of the first variable .

③ The integral FCZ) = f?f(z , f) dt , 2- •-2

a

converges uniformly at both the limits in any
compact set in~

.

Then FCZ) is holomorphic in oh
,
and itsderivativesof all orders may be found bydifferentiatingunder the sign of integration .

Let I = { 2- : Recti>0}
,
9=0

,
b=

.

fett,t> = e-t +2--1
.

Using Lemma 6 & Then
.
*
,
we have -now

proved the following theorem :

Then .
7 117) is analytic in Rect > 0 .


