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MA 631 - Special Functions - Lee - 7

For Rec2-770 ,

1-(E) = f e-ttt
- '
dt .:

Then -7 Tct) is analytic in Rect > 0 .

(Proved last time?

Functional equation of TCZ)

TAMI f-(2-+1) = 2- 1-(7)

(Cor . 9) Let 2-c- IN , say
2- =n

. Then
f-(Atl ) = n TCM) = men - 1) TCM -17 = - - - .

= men - 1) ( n - 2) - - - . 2 . 1-(2)
= Mcn -17 - - - - 2 . 1 . TC 1)

= n ! (
' : 1-(e) =\

,
as can be seen

from the defn . )

Proof of Them . 8 : For RECZ) > - l
,

•

1-(2-+1) = f e-ttrtdt .

0

Now consider Reef) > 0 . Performing integration
by parts , we get



*

1-(2-+1)=4+7 e- t] + zf it
- '
e-tdt
-①:

0

Now 1in C-
2-
e-
t
= o

C-→ a }②Also lion 1-
2-
e-
+
= 0 ( since Re (2-770) .

+ → o

( ': lien Itt e-t / = / in the 't'e-t=o )1-→ o C-→ 0

From ① & ②
,
we see that

1-(2-+1)=2-122-7 for Recz)> 0
,

☒

Meromorphically continuing 1-(7) in Rect) so

we have shown that for Rect > 0
,

1-(b) = 1-(22+-1)
Observe that RHS is analytic in Reet) > -1,21--0
(using Them . 7.)

Thus
, by analytic continuation, we see that

TCZ) is analytic in Rect) > - l
,
2--1-0

, upon
defining it to be 172¥11 in this region .



IT 2) = tCZ¥ in Rech > -1
,
7=10

(replacing 2- by 2-+1=

, in Then
. 7)

Repeat this procedure step by step to enter
into the left -half plane .

Prytns decomposition of 1-(7)

Let Rec2-7>0 . Then

a

1-(2) = f.
'

e-ttt
- '

dt + { e- +1-2--1 dt .

*

Observe that f. e-ttt
-1
do is an entire

function of 2 .

I •

consider f.
'

e-
+ Et

- '

dt = f +2--1 I ←tdt
o n=o n !

Since § c-t)"
n⇒% converges uniformly on (0,17

,

we can interchange the order of summation
and integration . Hence

a

tot)=§¥?§t"" - 'at + f
,

e-ttt'd be
n=o



a
-

- In=•¥?¥÷;]
'

+ f. e-
+E- 'do

0

•
a

= I c- 1)n=•nµz÷, + f, e-tt"dt ,

,
2--1-0 ,-1 , -3 . ...

⇒ 172-1 has simple poles at 2- = 0 , -1 , -2, -3 - - - -

consider the simple pole at 2- = - in
.
Then

1in ⇐ +A) 1-(z)
2- → -m

a
= Iim ( 2- +m)§ c- if
2- → - m

n=. z+n
+ f

,

e-tt
" 'dt}

a •

-
- limcz-ms.my??-+m,+Ic-m+fe-tEt-1dt)2-→ -m n=on+n )

n # in

= C- 1)
M

⇒
'

Thus Gainma function has simple poles ale
2- = - n ( new v90} ) , with residue c-n ,



Beta function

Bcp> g) : = f
'

TP
- '

CI - f)
9- '
dt
, ( Reep> 0,

or Recep >o ).
Clearly

, Bcp,q)=B(qp)
Them . to BCP

>g) = tcp)T#
Tcptq .

Proof : Consider

Icp > oh := [ f,%EP
- '

yet
-1
e-Ñ+Y7dndy

= ( (e-Ñx2P
- '
da ) ( [e- y2y29 - ' dy)

0 0

Now for Recp) > 0 ,
tcp = 5%-1-+0-1 dt

⇐xD
•

a

= f. e-
"
⇐F'( andn)

= - [e-ÑsEP
- '

doe



Hence
,
ICP > g) = Iq ftp.7 1797 -10

Now let us exaluate Icp > g) by using polar
coordinates . So let

✗ = rrcoso
, y=r

since

Then dxdy = Vdv do .

*
172 zp

- l 2q- I
2

⇒ Icp, g) = f. f. ( rcoso ) Orsino ) e-
✗
✗ drdo

* The
zp- l

=µ, e-Fg2(
Ptar) - 'd)§ @•so ) @ ino%" do)

=

1-21-(10+9) .

'@osofPYsinoFt'dO) .

But Bcp> g) = f.lt/-1ci-t)9r-'dt(Recp >0Regs>a)
Let 1- = sink ⇒ dt - zsinocoso do

1172 p- I⇒ Bcp,q) = f @ into ) ( coto)F{sinooosodo
0

29-1
do=2f"%§ino%

- '

(cos 0 )
°

zp-1⇒ ftp.nojccosotttdo-L-BCP > g) .



⇒ Icp , g) = 1-4 XP -197 Bcp , g) -②
From ① &② ,

f- Rp) Hq) = ¥1T ptq Bcp , g)
⇒ Bea

, IIq .

⇒ BCP > oh -1-42,1+-8 .

☒


