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MA 631 - SPECIAL FUNCTIONS- Lec . 9

1¥14 (Weierstrass product for TCZ))

¥, = 2-e°Ñ[( + E) e-% ] ,

for 2- c-¢
.

A =p

Proof : FTC , + un) is said to be convergent

if lim kp exists
,
when

n→a

Pn = # ( ltuk) .

K =p

We know that [ Conway 's book
,
ch . 7] CHUK]

K =\
converges iff § log ( 1+4*7 is convergent ,

k=l

( Reller) >- 1)
.

Claim : log [( + E)e-%) - log ( 1 -1¥) -¥=O(¥)so

Notation : fcx)=O( gon) means 7 constant's
.

No and N such V- RINO
,

/fern / E N / gesell .



log (1+2)--2--2=-2 -12¥-12¥ - - --
In our case

110911 -1¥) - E / = / § c- iintzm

m= ,
Tnnm

- ¥ /
a- I 1%1

"

=L.¥ + I 1%1
"

m=2 I m -→
in

= 12-12 14h1m
E- HEE
← ¥-1 -1,1¥ I 1%1

"

( : ma ⇒mX273
m= , ⇒¥2s E)

nzz (
. .
Z is fixed & we can choosec- C

- n large enough so that

1%1 - 1)
⇒ loge -1¥ ) - E = Oz

So if log ( item) = log (1T¥) - ¥ ,
then I logcetun) converges , and fence

17=1

FTIogci-unl.ie ; FTC -1¥) e-% convergesA =p a =\ lot -



Note that

2-i [( + E.) e-
%
]

A =p

=

2- exp ( 2- Iim ( 1+1+5-1 . - - + In - login ) )
*→ •

• Iim # [( +%) e-"^]Mrs-

A =/

m→•§- 11+1=+1-3-1 . - -
+ tn)- Hom

+E) e-
tin}= z 1in

17=1

= 2- lien @
→

1^1-(-1*1)=2-1 infm-42-i-YI-ta.it#)m-s-n=
, *→a

•

Hence we will be done if we show that

177)= lien Mtm !
my

2- ( 2- + 1) (2--12) . - - CZ -1M)
.

Then . 13 (Gauss ) For Z -1-0 , -1 , -2, - - - -
,

177)= lien Mtm !
MY

z( 2- + 1) (2-+2) . - - CZ -1M)
"



¥7:(For 2- real
,
such that Osz=x£1 )

.

If f- is convex on Ca , b) and a<s<t<u< b. then

f(¥¥s) a-fcu¥jsst)
U - E •

( EX . 23 on p . 101 of Rudin)

we know that log TCK) is converse on co
> D) .

Let n c- IN
,
A 72

.

Now rocket implies
-1 -1ns na n -1N In -11

Thus naoetnan -11 implies

log tcxtn) - login)
a-

±
'

°9M^-;Hogt
- ( is

similarly
,

→ + name seen gives

log 1-(n) - login - 1) c- log toe -1m - togtcn )
1 x

-



From
[ is & dis ,

↳ D= ÉÉ"K↳9 1)x

⇒ log @ - 1) I log (17×+111)-1094^-17 ! )
c- log n

.E.

⇒ in -n' ± ±
"

⇒ (n - rien- is ! a- toe-1M£ nYn - is !
But trim = ⑦+n -1)Mtn - 2) - - - -⇐ + 1)7 toe?
⇒
. !

, , ,

e too ←n7
✗ (Rtl )

- - - (Rtn- 1)
Since the above inequalities hold Henze

,

we can replace n by Cn -11 ) on the extreme
left

,
and have

nNn I
- ←

tone

own- isXCR-117 - - -cain)

⇒ n ←
""

I ,÷÷!+m÷iXCR-117 - - -cain)



¥
,

"" ' .ie?:f:-..m+n,--rM
Now let n→ or so that

tens 1in rien 1
" → • xcx-cn+n ,

£ Hut

⇒ too -1in III.in?-..oe-.m ☒
in → •

2nd proof :(For 2- c-G) . First
,
let Remo

,

Let ME >
M : = f

"

(1- E)
" E- '

dt

0

Then
1in TCZ , eh = lien

n→ • f.
"

f- E)
" it - 'den→ or

a

= f. Iim ( 1- In)
" tt

- '

den
→ -

( by integral analogue of Tannery 's theorem :
If lien ucn

,
N) = verse) and lien yn = ,

then
N→ -

•
Nsa

lien
N →* MN UCR> NI dn = f vent dse,

a
a



provided ucn
,
N) → vcn) uniformly in any

fixed interval
,
and 3- a positive function

Tcu ) 3- luck , N) IS TCM f- N , when-

f Texidor converges .)a


