
MA 631: Special Functions (2022) - Tutorial 2

1. Prove the following formulas for n ∈ N:
∞∑
m=1

(−1)m+1

m2n
=

(−1)n+1(2π)2n(1− 21−2n)B2n

2(2n)!
,

∞∑
m=0

1

(2m+ 1)2n
=

(−1)n+1(2π)2n(1− 2−2n)B2n

2(2n)!
.

2. If n is a positive integer and a > b, prove that∫ π

0

(sinx)n−1

(a+ b cosx)n
dx =

2n−1

(a2 − b2)n/2
(Γ(n/2))2

Γ(n)
.

(Hint: Note that

sinx =
2 tan(x/2)

1 + tan2(x/2)
, cosx =

1− tan2(x/2)

1 + tan2(x/2)
.)

3. Prove that for Re(p) > 0 and Re(q) > 0,

B(p, q) =

∫ ∞
0

xp−1

(1 + x)p+q
dx.

4. Prove the following functional relation

B(x, y) =
x+ y

y
B(x, y + 1).

5. Show that Γ(x) is logarithmically convex on (0,∞).

Hint: Use Holder’s inequality which states that if p and q are positive real numbers

satisfying 1/p+ 1/q = 1 and f and g are non-negative Riemann integrable functions, then∫ b

a
fg dx ≤

(∫ b

a
fp dx

)1/p(∫ b

a
gq dx

)1/q

. (0.1)
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