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µA63l-SPECIALFUNCTIONS-5

Quiz 1 problems

① Riemann § - function :

Ecs) : = scs it
- {

1-(£771s) .

⑨ get -s) = ages) .

get -57=4_s¥s -111T
-
"

1-(⇒ e. a -s)

=

Tgcs) ( using the functional
eqn . for Fcs)) .

⑤ 3151 is an entire fn . of s .

A- { 1-(E) C. ( s) is analytic in ¢190,1 }
(see the lecture on funct . eqn . of 71st ) .

Hence multi it by scs makes it

entire
,

as the poles of 1T£) & GCS) at

5=0
,
I resp . are killed by the Zeros

of Scs -17 at 5=0
,
I

resp
-

Hence 31s) is entire .



②£+7 =
1-§ HE-11,132¥,t

""

K =L

( ltk 'T)
"

①
a

= i - tank:)

1-

e¥ ,

=
tanh (t )

Another proof :

e÷,
= 2ce = I¥-, -2¥,eft - f

=

:( ¥É? -÷: I
[sincetext *

et,
= §

.

B^% ( It 1<2'T)
implies r

2teft(11

¥,

= E. B.nl??,.-Kt
"

( 1+1<+1



=

:( E. B.li#?-i-In=.Bi?-?i)
or=

t.SE?n.#Y-i-EBnc?f-?i)
( ? n=o terms of both series cancel out
•

a

= .§É"??né' - I Bn÷:17=1

= §2^t Bn ( d-" -f
n? 1 .

^ !
=-3 B

, + § 22^1-2^-1 Ben (21-2^-2)
a- I

= I + 2£ it - 22^7+2^-1 Ban
17=1 §

,
= ,

-2£
,



Homework I

④ •For Rec log a)> o & Reca) > - l
,

evaluate

Sna
o at

doe
.

Convergence of the integral :

As ✗→ 0-1 ; Ka

In
behaves like sea .

]

so to secure convergence at 0
,
we need

Reca -117 > 0
,
i. e.
,
Re (a) > -1

.

As ✗→ • :
29
In

= e-
21099 sea

,

so to secure convergence at a,
we need

Rec log a) > 0 ,

First
,
let ac- 1127 a > 1

.
Then toga > 0 .

Let an __ et ⇒ xloga = t
⇒ dn=%±ga .

when ✗ =o
,
t=o

when u = no

,

C- = *
Hence a

g- sea
•
Indu = f. e- t(÷aYd_ttoga



=¥a,a+i [e-ttat" -1dg
= É Reca -117 > 0
( log a)

a -11
.

Hence

g- sea
•
Indie

= ¥§a+ , ,
for a > 1-(§ )

we now show that both sides are analytic
in the (a) > - I & Re clog a) > 0 . Then by
identity then

; ( §) is valid in this region .

Analytic ity of LHS of (§ ) is guaranteed by
Then -④ of Lee . 6

.

Analytic ity of RHS of (§ ) :

1-(ati ) is analytic in Reca ) > -1 .

¥aa -11
= tea-11110g toga

This expression is analytic as long as
act c-*,☐ and toga ¢ C-90]

.

I ¥
act C- *

,
03 a ¢ (o , ☐



⇒ act c- -
,
B

( Reca) > - l was anyway implying that

act c- no
,

-1 ]
,

but what w
' have shown

above also tells us that a & f- 1
,
I ]

.

Remark : That lal 4- 1 for a real can also
be seen from - the fact Rec log a) > o

'l

loglal > 0
⇒ lal > I

, •

Problem ftk do

°

= IT;)
Ff '

Proof: Let si.to/=tzsinTe



Sino - ⇐since
cos 4 dol = gtzcoso do .

do __%•s¥•d&
= 52 cos § d of =# cos &

Fino Fino
= JI cos

✓⇒
df

when 0=0
,
01=0

when

0--1172,4=1-4
⇒ s.÷÷⇒=s÷¥:E
= I ¥4 @osa$5 "'d
Let
z§=t 2d&=d&

= Fr f"%(cost"-dtI
o



Now ftkcsinofccosofdo-zt.BE 9¥)
G

times:&:÷→
=

¥ . '=B(÷ , E)
= EE M±=)

1T¥)
= ti :-< )
añ¥iFa)

= t¥±252

since )
= Eid
4J it


