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• Recall that

24
, 19121 .

I ecn )q^ = qcq ;q7•
n =p

Them . 22
-

een ) is rarely odd
.

More precisely
,ecn ) is odd Iff n is an odd square

Moreover
,
thenumber of values of n IN

for which 7cm is odd equals L'-1€]
,

Notatio The Estatemeat fcq) = gcq) (Moden)
where fear = Jaen)q^ & gcq7=§bcmq^

,

'

17=0 17=0

is equivalent to saying acm been cmodrn)
for every 1730 .

P : For any j > 0 , by binomial then .

,

c- qiP= § (E)fqi )k
k = 0

= 1-8%-128 qÑ- 569%-170945-56%55
+ 28 QGI - 8q7I + q8 ]
= I + q8I ( mod 27
= I - q8J ( mod 27 (

'

: 1=-1 ¢mod2D
-



⇒ 1%4 - qi )8=j?⃝( I - qsi ) ( inodeg- =/

⇒ car;q§= @ ;q% cmod 2)
Now

§?ecmqi = qcq ;q§
= q{a ;q):}

>

⇒ q(q8;q% ( mod 27

• (q.gs?--&.iian+iijI--Ic-iFc2n-i1.q9m-#)-1.n=poI
17=0

( by Jacobi's idty)
= § (-17^42^+1) q4^↳4^ -11
17=0

= § C-it can + e) £2m -117 I

n --0

a

⇒ §ecmq^=I c- iicanxmqi"
'?

17=1 17=0 (mod ~?



Hence Tcm is odd iff n is an odd

square .

Also
,
I 1

MEN (2m - lien
"" is odd

= & I

= I i = I 1
= 4+1-1 .

2m- 15Th ME 1

-1T¥
☒'

Tnm.2 For 1770 ,
I (7177,47171-33 717-171-57,7171746)=-0 (Mod ?_?
Fa# If p is a prime, then

P I (E) for any 1<-1- sp- l
.

( can be proved using basic properties of
Vpcx ) : p-adic valuation of x
( exponent oftftighest power of p that divides
x )

Pro_of : By binomial then .

.

4- qijt = 1- qtti cenodrt ) .



Hence (q ;q£= Cgf ;q7 )- Cmod 7) .
Now

24I ecmqi = qcq ;q)•17=1

=

qcq.gs?sfq:q7IP---qCq;qP-Cq7;q7o?cmod
7)

The exponents in the power series expansion
of ( of ;q7)xf are also multiples of7 .

Let us concentrate on qcq;qP• ( mod 7)
.

•

qlq;qB= I c- 1) " (anti ) q""¥
' -11

.

n = O
'
or the first part (217-17)=-0 cmvd7 )

,
we need to find out when I +^l=o(mod

Émd7 )

0 I 1
I 2 2

2 4 4
3 7- 0

4
11 4

5 16 2
6 22 I



From the above table
,

ltncn- =_ocmod 7) iff 17=-309047)
But then 2h -11--7=-0 (mod 7) & hence
the coeff . of q

" in q(q;q)z is

congruent to 0 (mod 7) whenever
It ncnt÷ =@ (mod 77

.

Hence TC 7^1=-0 (mod 7?

Since I -1 hcn# f- 3, 5,6 (mad 77 ,
we also get 7C 7171-37

,
TC 717+57

,
Ector-16)

= ocmod 7) .
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