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Thm.32_ Suppose p(N.M.nl denote the
number of partitions of n into £ M par
with each part IN -

Then
•

IPCN.M.mg?--(N+M)--C9lw+mn--oM
- ⑧ a canonry

Alternative proof :

Note that p( N , M ,n7=o If n >MN .

& pc N , M ,
MN) = 1

.

Hence thegener@atingfn.GCNgMsgl-JpCNsM.n? af
n=o

is a polynomial in qnofdeg.MN .

Proof:_ Let GCN ,M;q) denote the RHS of④ .

Note that GCN , 0 ; g) = (9)N+0_ =\
,

(9)Nello
- (a)



Also
, gloom ; g) = (9)

ca÷÷nm
- i

-(b)&

g( N , M ;q7 - GCN >
M -1 ; g)

=C9lN - (9)N+
(g)µ (9) my (2)

N
(9) ou- l

= n- {c- of -1M )- C - qm )}(g)nicotine
=

(9)N-n qM( I - qN)
(g)Negim

⇒
GCN , M ;q7 - GCN >

M - I ;q) = qMg ( N - 1
,
M ; g) .

- Cc )

By principle of double induction on
N & M

,

it can be shown that g( N , M ;q ) is the
unique fn . satisfying (a) , (b) & CC)

.

Goal : To show that GCN , M ;q) also
satisfies Cal

,
(b) & (c)

,



*

Now Geo , M ;q7= I p(0, Min )q?
17^-0

= 1 - (b)
PCN.hn?--Pl9MiM--- { 1

,
if N=M=n=o

0
,
else

because the empty partition, of 0 is the
only partition in which no part is positive
and also the only partition in which
the number of parts is non- positive ,

Also GCN >0527=1 - (a)
We next show that

GCN , M ;q7 - GCN >
M - I ;q) = qm GCN -1

,
M ; g)

Note PCN , M ,
A) - pen , M - 1

,
n)

= number of ptnsr of n into exactly
M parts each E N .

- *④
We show that

PCN , M ,
A) - PCN , M - I

,
m) = pen -1 , M ,

A -M ) -

This is done by bijective ly mapping a
partition in *& with a partition
enumerated by pen -1 , M ,

n - M)
(by deleting one node from each part of a
partition of _) .



•

Hence§ pCN.M.mg" - IPCN,M -1 ,Mq^
17=0 17=0

•

= I PCN - I ,M , n -MI q^
n=o

= qm § pen -1,1M , n - M ) off?
17=0

or
,
in other words

,

GCN ,M;q7 - GCN
>

M - liar } so (C) is= qm GIN -1 , M ,

'

q )
.

also

satisfied
.

By uniqueness ,
GCN

>
M ;q7=gcN,M;q7= [ NII]

'☒i
Notation :( Basic hypxgrgeometric series)
2$ , ( a ,b :c ; 7) ••= I (a)n (b) n zn Cabs .

conn . for
n=o %)

,

' 12-14
,

where (a)n=( I - a) 11 - aah - - - a-agg)
This is a g-analogue of Gaussian

191<1 )

hypergeometric series :
•

21=1 (a ,b;c;z) = I@)nCb)n_y, (
Abs .
conn . for

17--0 (c) n
where (a)

n =
a Cath - - - - Cain ._ i ]

'"



v4,-, ( Al ,
92
,
- - - -

,
Ar ; G ,

Cz
,
- - - - Cr- , j Z )

-

= I

lailncarn.n.cat#znn--oG,)n.--fr-i1nCE7nThm.34-
(Heine's transformation)

For 191<1
,
12-1<1

,
I ble t

,

2$ , ( a. b ;c;z) = (b)da2-1*2/0 ,⇐ ,

2- ; az ; b)E-•
PIE : 24 , (a. b ; e ;z)=§→ ' not

"

=¥÷É%÷¥É÷ "

=¥÷E:÷§%÷¥eñi) "
since §

.

2-
^

= (AZ)
€5 .

w let Z = bqn
& AZ -

- cgi ⇒ A =gY→=



-4b¥§
" • m=.%÷*¥?%÷ Going
•

=/b- I b)mbm
. lqIEI}÷.(c) • m =o In

a
=

1b¥I @b)in bm . (92-99) • (a -27m ( 2-Im
(c) • m=o In É Tatman

=¥÷¥→E→⇐¥¥÷→b"
=

÷I¥ih( % >
2- : at :b)

☒


