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Thm.CI Let N ( in,n ) denote the number
of partitions of n with rank in .

Then
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Proof : Let n in the summand of RHS
denote the side of the Durfee Square of a
partition of some integer .

← n-

t The Durfee Square
n contributes to get -①

- 1
The partition to the right
of D. s . is the one in which

the number of parts is £ Me-

-②
So consider ¥3m From the summand .

It

generates the oartiltions in ② with 2

keeping track of the number of parts

By conjugation
, (¥,

counts the number of

partitions with the largest part In&
& with 2- keeping track of the largest
part .

-③



Also 1- generates the partition below
(2--19)
,

the D.s .
with Z

-
'

keeping
track of its number of

parts .

Hence powerof 2- in the whole summand
on RHS keeps track
largest part in ② - number of parts

in③
=(largest part in② + n)
- ( number of parts in ③ + n )
=

largest part - number of parts
= rank .

This completes the proof i T

Thm Let MCM,n ) denote the number

of partitions of n with crank in .
Then
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= 1-1 § (za)
;
(2--19)
]
(by g-binomial(2-9)*5-0 Ñj theorem)

= 1--9 + 1-1 § (2-9) j(z- ' g)
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Combinatorial interpretation of :

Let the exponent of q in the summand
of denote the number of 1 's in a

partition

z-iqi-i-i.IT
4-E) Cl - of ) . - - . ( 1- qj )

( I >0)

1T
Note that the partitiongenerated is the
one which has j ones , i.e., WH ) =j

.

We don't pick any 1 's from the denominator .



The power of it in (zg
is keeping track of the number of
parts greater than j , i

- e . greater
than the number of 1 's .

This is nothing butµc1T?

Hence putting all of this together , we see
that the power of

2- in is Melt - wat
,which is the crank for WCM > 0 .

Combinatorial interpretation of = 1--9

took
Note that in¥qz ,

2- keeps track of
the number of parts -

By conjugation,¥q, generates partitions
or

IT with 2- keeping track of the largest
part .

9- generatesOn the other hand
, (zqzg

partitions with at least one I & where

2- keeps track of the largest part,
only when n > 1 . ( Explanation given

later
.



Hence
, 1,2¥ generates partitions with

no 1 's
,

and where power of 2- is the

largest part , - which is the defn . of
crank in this case ( i - e ; WCT)=o) .

Why does it fail when n=l ?
Note that when n =L

,
that is

,

the number

being partitioned is 1
,

then q
'

represents
the partition . But then the power of 2-
from the denominator should be zero

,

for
,
otherwise

, you would end up getting
a partition of 1

,
whose summand s add

up to a number > 1
,
which is absurd .

But then 0
,

that is
>
the power of g- is

no longer the largest part of the partition .

Exception is n = 1 case
.
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