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MA 633 - Partition Theory _Le7

The smallest parts partition function (sptcn ))
- introduced by George Andrews in 2008

sptcn ) = the number of smallest parts in
all partitions of n .

Eg . Consider the 5 partitions of 4 .

④
3+10
②+② ⇒ Spt (4) = 10 .

2-1 ①+①
① +①+ ①+①

Andrews showed that

Spt (5171-4)=-0 (mod 5)
Spf (7^-15)=-0 ( mod 7)
Spt (1371-6)=-0 (mod 13)

key identity for proving these congruences is :

sptcn ) = npcn ) - I Nacn ) .



Nach ) is the second Atkin - Garvan
rank moment defined by•

Nach) = I m2N ( th, n) .

m= - a
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More generally
, Nj Cn) = I m

'
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in = - •

Later on
,
Dyson showed

npcn ) = 2- MIM >

;
where Mjcn) = § in Mcm,n )

in =-•

⇒ sptcn = 1-2 ( Mdm - Nim 1)

Since sptcn) > 0 , we have

Mzcn) > NIM ) .

The generating function for sptcn ) :
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Hence sptcn) = I wait ,
11-1-17

where wat) = the number of appearances
of the smallest part in it -
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Deriving Andrews ' identity :

we will prove it using generating functions.



Fact : If f- is at least twice differentiable
at 2- =L

,
then

d2
☒ [ ( 1- 7) (1--2-1) f-(2-7) / = -2 f-(1) .

2-=f

Using this, we can see that
• a
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The 81oz transformation of Watson is

given by
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Let D= z
,
e=z

-1 & then let a =/
,
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then let b

,
c
,
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This gives
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