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MA 633 - Partition Theory -1¥

Ramanujan 's function :
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hen Andrews showed
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( is limsup /sent = •
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n → •

( i] say -_ o for infinitely many n .

•These conjectures were proved by Andrews,
Dyson & Hickerson ( Inventiones Mathematic.ae)
•
•cap is a prototypical Example of a
quantum modular form

.

• age = I + q- q2+2q3 - 2q4 + . - - + 4q4S
+ . - - . -1 893288

Combinatorics of • (q) :

⑧cop = I 97^-1"" is
- the generating for .a- O
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C -9in
of the number of partitions of n into distinct
parts with even rank minus those with
odd rank i



Then . 45 (Andrews) Let rcm.nl be the number
of partitions into distinct parts with Rankin.
Then
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Remark : Letting C- = -1 in Then -45 proves
④ .

Ploof : q"¥I' = ql-12-13-1
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Take the following partition of the number
1-12+3-1 . - - + n -11 . Ki -121<2-1 - - - + n > km

(k , -1111-(192-11) - - - - +(kn . , + 1) 1- (Kp -11 )
(Kate ) -11k,-11 ) + .

- - - . +(kn -11 )
( Kastl ) + ( Kati ) -1 . . . - - 1- fkn -11 )

÷
( kin -11 )



Note that this is a partition into distinct

parts.

Similarly
,

each partition into distinct parts
can be uniquely represented in terms of Ki's

.

① start with the smallest part in sucha
partition , & figure out kn .
② Then figure out kn

- , ,
& so on

.

This establishes a l - l correspondence .

Note that rank of such a partition
= (K ,

-11 ) +( Kati ) -1 - - - - 1- ( kn -11 ) - n
= Kitkat - - - + kn
= power of t .

This proves the first part of the theorem .

Example : Consider 4+1 as a partition of5
into distinct parts.
Note that rank = 2

,

n=2
.

We need to figure out only K
,
& K2

.

K2-11--1 ⇒ kz=o . Also
,
CK , -11 ) -1Ckill = 4

⇒ K
,
-12 = 4 =) K

, =L >

Hence the expression in the power series
corresponding to this partition is
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'
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frank
= q?(tqfctq7° = +2457 memberbeing partitioned.

To prove the second part , note that in
the seen I + I t"- '

of C - t
- '

q : gin -1 ,
n = I

n denotes the largest part of a partition
into distinct parts .

Note that the

power of C-
= n - number of parts
( • : whenever a part appears, the
corresponding power of oh has a t

- t

attached to it .)
= rank

.
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Two identities of Ramanujan from the
Lost Notebook
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