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MA 633 - Partition Theory - Lee . 7-

• g-binomial then , : For 12-1<1 & lqlcl
,

then

§ ca±zn= c{¥÷ .

n=o (G) n
1-m.IT
• Ramanujan 6 14 , summation formula
or

I E. zn = caz)•(%-)@ (9)• (b/a)•
n= - •

(b) n ( ⇒• (aby)@ (b)• ( Ga )
when 1¥12 12-1<1 419,1<1 ,

pf : Let flat ¥-3:(÷¥÷.-①
[Note 12-1<1 & 1¥ / < i ensure that

the denominator of fczi is never zero .]
Hence fcz) is analytic in / ka / < 12-1<1 ,
which is an annulus

,
and hence

,

can be expanded
as the Laurent series

,
i - e ;

a

f- ( z ) = I Cn 2-
^

.

n= -a



Replace 2- by qz in ① to get

fcqzt.am#(al-z)@cq2-7oTab-q-)p
'

= ( 1- E) ( 1- Iz)
( 1- art) ( iabqz)

Fct)

= ( l - Z) ¥-2 fit )
(aazE→

⇒ qci -⇒ fcz) = ( b-aqz )fc -42-1 -②
a

f-(2) = I cnz
"
on 1¥ / < 12-1<1

,
n = -

Similarly
,
•

fcqz )= I cnÑZ
"

on 1%1<12-12%1
e- - a

*
•

Hence qci - b) I cnz
"

=(b-aqz)§nq^z^
n= -a

n=- •

holds on the intersection of the 2 annuli
,

i. e. I ¥q1 < 12-1<1



••

¥1
•

tart •

÷
Thus we require an extra condition at
this point of time , i

- e . 11,1<191 , but

we will later remove it by analytic
continuation

.

We have
a

qci -HI cnz" =(b-aqz)Icnq^z^ .

n= -a
n= -a

⇒
qcn-g.cn- , = bengt - aqicn- i



⇒ qcncl - bqn
-

1) = qcn-111 - aqi
-

1)

⇒ a. =(¥YDani - ③
Definition: For any ne 21 ,
(a)

n
= I
cagi )•

.
-⑦

If 17--0 -

If n > 0
,

RHS -11 -a) CI - agt - - - a - aqn
- 1) (aq%

( aqi ) -
= (a)

n

If neo
, say ,

n = - M
,
M ? 0

,

÷¥↳=
caq-M•

= (a) •

C-F) ( '
-

§-11 . . . :( 1-%) (a) •
=

(i-a_q¥ .
-
- - ( 1-%)

= (a)n
.



From
.
③
,

for 1770
,

↳ I "÷÷:| . .-1¥
.
) -↳

⇒ cn= 4¥:c. form > 0
.

From ③
,

for neo
,

⇐ =

a

& iterate to get

g- , = ( 1- bq
" -

1) ( 1- bq^) - - - - fl- b g- 1) co
( 1- age-741 - aq

"

) . - - ( 1- ag
"

)
=

C-¥→)( ' _,Én) - - - l ' - E) .co

I ' -¥+11 ' -¥ ) - - - - l
'
- ¥)

Replacing n by 7+1 , we have
an =

C-ag.ge?-q-nh-).--.l'-E)-.G
I ' -¥+11 ' -¥ ) - - - - l

'
- ¥)



⇒ ↳ = co ( from )
Hence from ①

,
we have

☒ 2-
"
= (at) (¥z)→ for / ¥q/ <12-1<1

.
n= - £57m F)

a (Iz)-
By analytic continuation, the above result
holds for 1¥ / < 12-1<1 .

Goal : To prove ↳ =←É
.

(g)• (bta )


